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Abstract. We analyze the geometry of rational p-division points in degen- 
erating families of elliptic curves in characteristic p. We classify the possible 
Kodaira symbols and determine for the Igusa moduli problem the reduction 
type of the universal curve. Special attention is paid to characteristic 2 and 3, 
where wild ramification and stacky phenomena show up. 



Let i? be a discrete valuation ring of characteristic p > 0, with function field R C 
K and residue field k — R/mu, which for simplicity we assume to be algebraically 
closed. Suppose Ek is an elliptic curve containing a rational p-division point z £ 
Ek, that is a i^-rational point of order p. The goal of this paper is to analyze the 
Neron model E — > Spec(i?) and the geometry of the specialization {z} C E. The 
corresponding problem for rational division points of order prime to p is classical 
and is basically answered by the Ogg-Shafarevich Criterion. For rational p-division 
points the situation turns out to be rather different. 
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Our point of departure are the following questions: 

(i) When does there exist a rational p-division point z G Ek at all? 

(ii) What are the possible Kodaira symbols describing the reduction types for 

El 

(iii) Can the specialization of z into the closed fiber E). be nonzero? 

(iv) And for characteristic two and three, which are somewhat special for our 
considerations, can the class of z in the component group $fe be nonzero as 
well? 

Naturally these questions are closely related to the universal family U — >■ Ig(p) over 
the Igusa curve, which, roughly speaking, parametrizes elliptic curves endowed with 
a rational p-division point on the Frobenius puUback. 

For the existence of a rational p-division point we analyze the kernel of the 
multiplication-by-p map. For ordinary elliptic curves, this is a twisted form of 
/ip © (Z/pZ) and a rational p-division point exists if and only if this twisted form 
is trivial. We classify twisted forms of this group scheme in terms of nonabelian 
cohomology and relate this classification to the Hasse- and the j-invariant of an 
elliptic curve. 

In characteristic p > 5 it turns out that the answer to the other questions 

depends on the congruence class of the characteristic modulo 12. Once we have an 
elliptic curve with additive reduction and a rational p-division point with nonzero 
specialization, Frobenius puUbacks provide elliptic curves with the same reduction 
type as before and zero specialization of arbitrary osculation number. Hence we 
are mainly interested in nonzero specialization of the p-division point and the first 
main result is: 

Theorem. Suppose p > 5. An elliptic curve Ek with additive reduction and con- 
taining a rational p-division point with nonzero specialization exists precisely for 
the following reduction types: 



congruence mod 12 


reduction type 


p=l 


T* 


p = 5 


II, IV, IS, IV*, ir 


p = 7 


111,15,111* 


p= 11 


II, III, IV, 15, IV*, III*, II* 



In this case Ek has potentially supersingular reduction. 

The same result holds if one demands that the rational point of order p exists only 
on the Frobenius puUback. We actually construct explicit examples of such curves 
in terms of Weierstrass equations. Note however, that we do not know the explicit 
coordinates for the rational p-division points. This existence of our examples has 
strong consequences for the universal elliptic curve over the Igusa curve: Let F 
be the function field of the Igusa curve Ig(p), and Up the corresponding universal 
elliptic curve, and x e Ig(p) be a supersingular point. Our second main result gives 
Weierstrass equations for Up- 

Theorem. Suppose p > 5. Then for a suitable uniformizer t £ Ci^(p) ^ univer- 
sal elliptic curve U p over the completion at x is given by the following Weierstrass 
equations: 
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P 


Weierstrass equation 


Uf 


Up 





= — 1 mod 3 




III* 


III 


1728 


= — 1 mod 4 




ir 


II 


0,1728 


all p 


y'^x'' + at-'^Px + ib + t(P-^)r^)t--^P 


IS 


IS 



Here a,b E k are scalars so that the elliptic curve = + ax + b has supersingular 
i -invariant j ~ jix). 



Note that Ulmer [23] gave Weierstrass equations with coefBcients in F for the 
universal curve Up, which rely on relations between Eisenstein series and are of 
somewhat implicit nature. Our Weierstrass equations are explicit, but are defined 
only over various completions. 

The situation in characteristic p = 3 and p = 2 is more complicated and, in some 
sense, entirely different. This comes from the fact that, besides the valuation of a 
minimal discriminant ^'(A), there is an additional numerical invariant S > 0, the 
wild part of the conductor. 

Theorem. Let p = 3. For the Kodaira symbols II, IT, III, III*, IV, lY* , l^, 

there is an elliptic curve Ek containing a rational 3-division point with nonzero 
specialization in Ek and the given reduction type. For TV and IV*, there are such 
examples with nonzero specialization in $fc, and examples with zero specialization 
in $fc. In any case, the curve has potentially supersingular reduction. 

We show by example that the property of having a rational 3-division point with 
nonzero class in might even be preserved under base changes of arbitrarily large 
degree. The universal elliptic curve over Ig(3) has already been determined by 
Ulmer |23| and we reprove this result in our setup. 

In characteristic two, the Igusa moduli problem is not representable, such that 
stacky phenomena show up. Now, there is no restriction on the reduction type 
and the elliptic curve may have potentially ordinary and potentially multiplicative 
reduction. 

Theorem. Let p = 2. For all additive Kodaira symbols, there is an elliptic curve 
Ek containing a rational point of order two with nonzero specialization in Ek and 
having the given reduction type. For the Kodaira symbols III, III*, I;*, ^ > 0, there 
are such examples where the specialization has nonzero class in <^k, and examples 
with zero class in ^k- 

To prove the preceding results, we analyze the behavior of the wild part of the 
conductor under small field extensions, and then apply Ogg's Formula v{A) = 
2 + 5 + (m — 1) to determine the reduction type. It turns out that the numerical 
invariants have enough variation so that the Kodaira symbols listed above appear. 

The article is organized as follows: In Section [T] we classify twisted forms of fip 
and describe their p-Lie algebras. In Section [2] we classify the twisted forms of 
jj^p (B (Z/pZ) in terms of nonabelian cohomology. This preparatory work is used in 
Section [3] to describe the p-torsion subgroup scheme of an ordinary elliptic curve. 
In particular, we answer when an elliptic curve has a rational p-division point in 
this abstract setup and relate this to the Hasse- and the j-invariant of the curve. 
In Section |4] we prove that an elliptic curve with additive reduction has potentially 
supersingular reduction, provided that it contains a rational p-division point with 



4 



CHRISTIAN LIEDTKE AND STEFAN SCHROER 



trivial specialization into the component group. This result restricts the possible 
additive reduction types depending on the congruence class of p modulo 12. In Sec- 
tion [S] we introduce the notion of osculation number, that is, the order of tangency 
of a rational p-division point with the zero section, and compute it in terms of 
the Hasse invariant. This allows us to decide when rational p-division points have 
nonzero specialization in the closed fiber of the Neron model without computing the 
coordinates of these points explicitly. In Section [6] we determine how the reduction 
type of an elliptic curve in characteristic p > 5 changes under twisting. This will be 
needed later on in the construction of examples. In Section[7]we determine how the 
reduction types in characteristic p > 5 change under Frobenius pullbacks, which we 
need for the analysis of the Igusa moduli problem. In Section |8] we construct elliptic 
curves with reduction of type Iq and having a rational p-division point with nonzero 
specialization in the special fiber. These curves are obtained as quadratic twists of 
certain pullbacks of the versal deformation of a given supersingular elliptic curve. 
In Section [9] we start from versal deformations of supersingular elliptic curves with 
j = or J = 1728 and construct elliptic curves having rational p-division points 
and nonzero specialization in the special fiber for the remaining reduction types. 
At this point we have shown that all possibilities determined in Section |4] do exist in 
characteristic p > 5. In Section [TU] we use our results to determine the degeneration 
behavior of the universal elliptic curve over the Igusa moduli problem in character- 
istic p > 5. We even determine equations of the Neron model over the Igusa curves 
around its supersingular points. In Section [Tl] we specialize to characteristic 2 and 
3, where we analyze the Galois action on torsion points attached to elliptic curves 
whose wild part S of the conductor is nontrivial yet as small as possible, namely 
5 = 1. In Section [1^ we use these results to establish existence of elliptic curves in 
characteristic 3 having a rational 3-division point with nonzero specialization in the 
closed fiber for all possible reduction types. Also, we determine the Neron model 
over the Igusa curve in characteristic 3. In Section[T3]we specialize to characteristic 
2 and introduce tautological families. Since the Igusa moduli problem is not repre- 
sentable in characteristic 2, these families are in some sense the best replacement 
for the universal object. We determine their reduction types and their behavior 
under Frobenius pullbacks. In Section [14] we construct the missing reduction types 
as pullbacks from tautological families. In Section[T5]we classify reduction types in 
case we do not have potentially supersingular reduction. 

Acknowledgement. We thank Matthias Schiitt and the referee for helpful com- 
ments. 

1. Twisted forms of and their torsors 

Let 5* be a base scheme of characteristic p > 0, endowed with the fppf-topology. 
Consider the finite diagonalizable group scheme fip = Spec(C's[Z/pZ]), whose val- 
ues on Spec (A) S are 

fip{A) = {xeA\xP = 1}. 

In this section we shall discuss twisted forms Jlp of fj,p and the corresponding group 
H^{S,]j,p) of isomorphism classes of /Xp-torsors. The former occur "in nature" as 
the kernel of the relative Frobenius on ordinary elliptic curves. The results will be 
used in the next section, which contains an analogous analysis for the group scheme 
Hp © Z/pZ. Throughout, we assume for simplicity that S = Spec(i?) is affine, and 
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that Pic(i?,) = 0; for example, R could be a field, a local ring, or a polynomial ring 
over a field. 

Let A = Aut f/^p) be the sheaf of automorphisms of ^p. A twisted form Jip of /ip 
determines an ^-torsor Isom (/^p, Tip). Conversely, an ^-torsor T yields a twisted 
form /ip ~ T A"^/ip = (T x ^p) / A. Here the quotient is with respect to the diagonal 
action of A on the product. This establishes a canonical bijection between the 
cohomology set H^{StA) and the set of isomorphism classes of twisted forms of 
^p. This correspondence has nothing in particular to do with rather, it gives a 
general classification of twisted forms of sheaves (see [5] , Chapter V, or 4 , Chapter 
III, Section 2.3. An exposition in the context of Galois cohomology can be found 
in [12], Chapter I, §5). 

Let us write down the sheaf of automorphism A: We have a canonical map 

and it follows from [6 , Expose VIII, Corollary 1.6 that this map is bijective. Since 
S is of characteristic p > 0, we have /ip-i = (Z/pZ)^ and so we may also write this 

p_i 

bijection as /ip_i — > A. Using the Kummer sequence 1 — ^ ^p—\ — ^ — ^ — ^ 1 
and our assumption Pic(5') = 0, we deduce that the coboundary map 

Ry-lRMv-i) _^ H\S,fip^i) = H\S,A) 

is bijective. In other words, the set of isomorphism classes of twisted forms of /ip 
is the abelian group /R^^p^^\ We call r e R^ the twist parameter for the 
corresponding twisted form Jlp. To write down these group schemes explicitly, we 
first determine their p-Lie algebras: 

Write Hp = Spec(i?[T]/(TP - 1)), and let / C R[T]/{TP - 1) be the principle 
ideal generated by T — 1. Then Lie(/ip) equals [I /PY , which is a free i?- module 
of rank one, with basis u G Lie(/ip) the residue class of T — 1. Using 

- 1 = (T - l)(r^"i + + . . . + 1) = (T - 1)C modulo I^, 

we see that the scalars C, £ /ip-i act on Lie(/Xp) by scalar multiplication with C,. A 
straightforward computation shows that the p-fold composition of the derivation 
(-^ ~ 1) d(T~i) equals itself. In other words, the ^»-th power operation is given by 
T/M = u. We now view H^{S,A) = as the set of isomorphism classes 

of twisted forms g of the p-Lie algebra q = Lie(/ip). 

Proposition 1.1. Let r 6 R^ . Then the corresponding twisted form q is the 
1-dimensional p-Lie algebra with basis u G Q so that 

Proof. By definition, the p-Lie algebra g is the invariant submodule of the i?-module 
(S)R R[X]/ {X^^^ — r), where the action of C G /^p-i is induced by AT (^X and 
u i-> Cu. Clearly, u = u ® X~^ is invariant, and a basis of the twisted form g. Its 
p-th power is ul^l = uIpI ® X^p ^t^^ -u® X'^ = t'^u. □ 

We finally regard H^{S,A) = R^ / R^^^^^^ as the set of twisted forms /ip of the 
finite group scheme /ip. 

Proposition 1.2. Let t £ R^ . Then the corresponding twisted form Jlp is the 
finite group scheme whose values on R-algebras A are Jlp{A) — {a G A \ — 0}, 
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with composition law 



(1) a*6 = a + 6 + - ... .... 

T ^ il{p - i)\ 

Proof. First observe that the functor G i— > Lie(G) induces an equivalence between 
the category of finite flat group schemes of height < 1 and the category of p-Lie 
algebras whose underlying module is projective of finite rank. An inverse functor 
is g 1— >■ Spec(C/[Pl (g)^), where U^p^q) is the the universal enveloping algebra U{q) 
modulo the relations — x^^l , x G g. Multiplication and comultiplication in the 
dual U^P^iQ^ are induced by the diagonal U^P\g) U^''\q) ® U^''Hq) and the 
multiplication in U^P\g), respectively. 

The p-Lie algebra of ]lp is q — Ru as in Proposition II. 1[ and we merely have 
to spell out the general construction outlined in the preceding paragraph for this 
special case. Clearly, l,u, . . . ,uP~^ G C^'^'(fl) is an i?-basis. Let /o,---,/p-i £ 
[/[^'(g)^ be the dual basis. For 0<r, s,n<p — Iwe compute 



1=0 

where Ss^n-r is a Kronecker Delta, and consequently 

else. 



(2) frfs 



Now set f = fi- Formula ([2]) inductively gives = ilfi for < i < p — 1 and 
fP = 0. The upshot is that U^p^qY = R[f]/{fP) as i?-algebra. It remains to 
compute the comultiplication map. Now recall that uP ~ t^^u; this implies 

= n + p - 1, 

Mu' (g. u^) = fn{u'+') ={l if z + j - n. 




for all < n, i, j < p— 1. Putting things together, we infer that the comultiplication 
in U^p\q)'^ is given by 

i+j=n i+j=n+p-l 

where the summation indices satisfy < i, j < p — 1. The special case n — 1 now 
yields our assertions. □ 

Remark 1.3. Formula ([ij is due to Tate and Oort 14 , page 9, who derived 
it, from a different perspective and in a more general setting, with methods of 
representation theory. They actually obtained a classification of group schemes of 
order p over rather general base rings. A discussion of their results is contained in 
[T5] . For further generalizations, see |15) . 

Remark 1.4. Consider the special case r = 1, such that Jlp = fj,p. At first glance, 
it seems strange that the Formula ([T]) gives a composition law a* b (on elements 
with qP = bP = 0) that looks astonishingly different from the original composition 
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law X ■ y (on elements with — = 1). Things clear up if one uses, instead of 
/ e [/[^'(g)^, the truncated exponential 

e = /o + /i + ... + /p-i = l + /+§ + ... + ^^^. 

Then = 1, and a direct computation using ([3]) shows that the comultiplication 
indeed satisfies e i-?- e O e. 

Now fix a twisting parameter r G i?^, and let Jlp be the corresponding twisted 
form of /ip. We seek to understand the group H^{S,Jlp) of isomorphism classes of 
/ip-torsors. There seems to be no obvious relation to the group H^{S, Hp), because 
the automorphisms of fip act via outer automorphisms, compare |12j . Proposition 
43. In case t e R^^p^^\ we have Jlp ~ fj,p, and the Kummer sequence yields an 
isomorphism 

(4) R'/R^'P ^H\S,fip). 

In case r ^ R^^p~^\ however, there is no embedding of Jlp into any iterated exten- 
sion of the standard group schemes Gq or G™, because there is no homomorphism 
of p-Lie algebras from g — Lie(/ip) to Lie(Ga) or Lie(Gm). This destroys any hopes 
for an easy direct computations of H^{S, Jlp) such as (|4]). 

However, there is an approach using Weil restriction. Set R' = R[X] / {X^^^ — t) , 
such that T — Spec(i?') is the /ip-torsor with Jlp — T A-^ fip. Let / : T — s> 5 be 
the structure morphism, and consider the Weil restriction H — ft,{iip^T)- This is a 
finite commutative group scheme on S whose values on i?-algebras A are given by 

(5) HiA) = {xe{A®RRy\xP^l}. 

To understand it, consider the twisted forms Hi = T A'^ fip of /ip, where the action 
of C G /Ltp-i = A on /ip is given by x n- x'» , for < i < p — 2. Clearly, Ho = fip 
and Hi = Jlp. 

Proposition 1.5. There is a direct sum decomposition H = Hq © Hi © ... © -ffp-2 ■ 

Proof. It suffices to check this on the level of p-Lie algebras. Set t] = Lie{H). Obvi- 
ously, f) — Lie(^p^T) = R'u, viewed as an i?-module. Whence u, Xu, . . . , Xp~^u G I) 
constitutes an i?-basis, and = X'Pu^p^ = t'{X'u). Setting (), = RX'u, we 

obtain a direct sum decomposition of p-Lie algebras f) = f)o © f)i © ■ • ■ © t)p-2- Using 
Proposition II. 1[ we infer that f)i = Lie(iJi). □ 

This decomposition can also be viewed as an eigenspace decomposition: The 
abelian Galois group /ip-i acts functorially on the Fp-vector space H{A) described 
in (lU via its action on R' . Whence the functor H — H^o © H^ © ... © H^p~2 
decomposes into eigenspaces, which are indexed by the characters : /ip-i — t- /ip-i, 
< i < p — 1. Here x is the tautological character x{C) = Ci and x'(C) = C- 

Proposition 1.6. We have Hi = H^i for all < i < p — 2. 

Proof. We first look at the p-Lie subalgebras t)i C t). Clearly, t)i — RX^u is /ip-i- 
invariant, and C G fJ-p-i acts via multiplication by = xHO- It follows that 
Hi <Z H is /Xp_i-invariant, and C G fJ-p-i acts via multiplication by C = X^iO- 
Whence Hi C H^i . Since the inclusion 

H ^ Ho® iJp_2 C i/^o © ... © H^p-2 ^ H 
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is an equality, we conclude Hi — H^i . □ 

The decomposition is inherited to the cohomology groups oi H — f*{^ip,T)- This 
leads to the desired computation of H^{S,'jlp): 

Theorem 1.7. The cohomology group H^{S,]lp) is the x-^W^'^^'^P^ce inside the 
cohomology group /*(/Xp,T)) = R'^ /R'^^ with respect to the Galois action of 

Hp-i, where x '■ f-p-i Mp-i the tautological character x{C) = C- 

Proof. We have Jlp — Hi — H^ d H ~ /*(a'p,t), whence H^{S,Jlp) is the X" 
eigenspace of H^{S, f^,{^p^T))- Since f : T ^ S is finite and fiat and T X5 T is 
a disjoint sum of copies of T, it follows that R^f^:{G) — for every abelian group 
scheme G on T. Now, the Leray-Serre spectral sequence shows that the canonical 
map H^{T, ^p^t) — > H^{S, f.,{fip^T)) is bijective. Finally, the Kummer sequence 
gives H^{T,Hp,t) = R"" I R'^P- ' □ 

Let us explicitly compute H^{S,'jlp) in the following special case: Suppose D' is 
a normal noetherian domain of characteristic p > with function field D' C F' , 
endowed with a faithful /ip_i-action. We make the assumptions that D' is factorial, 
and that (D')^p — (D')^; this holds, for example, for polynomial rings over perfect 
fields. Let F C i^' be the field of /Xp_i-invariants, and set 5 = Spec(i^) and 
T ~ Spec(i^'), such that the projection / : T -> 5 is a /ip_i-torsor; we denote by 
Jlp the corresponding twisted form of fip. Let / be the set of points of codimension 
one in Spec(Z?'), or equivalently the set of prime elements in D' up to units. Then 
p'x Ijj'x ig fj-gg abelian group generated by /, and the action of /ip-i on the 
ring D' induces a permutation action on the set /. 

Proposition 1.8. Assumptions as above. Let /freo G I he the subset on which 
/ip_i acts freely. Then H^{S, Jlp) is an ¥p -vector space whose dimension equals the 
cardinality of the quotient set /frcc//^p-i- 

Proof. By Theorem II .71 we may view H^{S,Jlp) as the x-eigenspace of the Galois 
module H^{T, ^p^x), where x ■ /^p-i ~^ Mp-i is the tautological character. The 
factoriality of D' implies that the Galois module H^{T,^p^t) = F'^ /F'^p is the 
Fp-vector space with basis /. In other words, we have to compute the x-eigenspace 
of Fp[/] — 0i£/lFp. Using the algebra splitting of the group algebra Fp[y^p_i] = 
nr=o i^^*^ 1-dimensional eigenspaces, we see that each free orbit in / contributes 
a 1-dimensional subspace to the x-eigenspace of Fp[/], whereas each nonfree orbit 
in / contributes only to eigenspaces for characters X* 7^ X- I— ' 

Example 1.9. Let D' — k[X] be the polynomial ring over a perfect field k of 
characteristic p > 0, on which ( e Mp-i acts via X M- (^X. Then F' = k{X) and 
F — k{XP^^), such that r — X^^^ £ F is the twist parameter for the twisted form 
Jlp. The set / can be viewed as the set of irreducible polynomials h G k[X] up 
to invertible scalars. It is convenient to choose for every such h with h{0) 7^ a 
representant with h{0) = 1. Such polynomials then factor as 

h{X) = (1 - aiX){l - a2X) ... (1 - aaX) 

with reciprocal roots ai, . . . , G in some algebraic closure k a fl. The Galois 
action is then given by h{(X) = (1 — (aiX) ... (1 — (adX). It is easy to see that 
such a polynomial yields a free Galois orbit in / if and only if it is not contained in 
any of the subrings k[X^] C k[X], where i > 1 ranges over the divisors of d — 1. 
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2. Twisted forms of ^-torsion in elliptic curves 

Let 5 be a scheme of characteristic p > 0, endowed with the fppf-topology. 
Consider the finite abeUan group scheme G = fip ® Z/pZ over S. It is endowed 
with the Weil pairing 

$:GxG — > lip, {{li,i),{u,j)) > — yii^/u', 

which is obviously bilinear, alternating, and nondegenerate. We are interested in 
(G, $) because it or its twisted forms naturally occur as the group scheme of p- 
torsion of ordinary elliptic curves. The goal of this section is to determine the set 
of isomorphism classes of twisted forms (G, $) of (G, $). 

This set can be viewed as the set H^{S, A) of isomorphism classes of ^-torsors, 
where A = Aut(G, $). Our first task is to compute this sheaf of automorphism 
groups. Let f/ — > 5 be a faithfully flat morphism of finite presentation. Each local 
endomorphism of G = /ip ® Z/pZ over U can be written as a matrix 



G T{U, A) 



with C^jU local sections from End iup), End(Z/pZ), Hom (Z/pZ, Up), respectively. 
There is no term below the diagonal because Hom f/Xp, Z/pZ) = 0. Using the canon- 
ical identifications 

Z/pZ = End(up), Z/pZ = End(Z/pZ), and Hom fZ/pZ, Up) = Mp, 

we may view : U ^ Z/pZ as locally constant functions, and i' is an element 
from T{U, Ou) with = 1. The action on G = /Xp © Z/pZ is given by 



(6) 



and the composition law is 

'C A fC _ fee v'^v^' 



Obviously, an endomorphism is an automorphism if and only if we have Ci C S 
(Z/pZ)^ = Hp-i- A straightforward argument shows that an automorphism re- 
spects the Weil pairing $ if and only if = 1. Summing up, we have 



(7) 



T{U,A) = \J^ I C e r(C/,/Xp_i) and v G r(C/,/Xp)| . 



We deduce that A sits inside an extension of groups 
(8) 1 — V Hp — > A — > Hp-i — 

where the maps on the left and right are given by 

' and Al^C, 



respectively. The surjection A Hp-i has an obvious splitting given by 



s : Hp-i — > A, C I 



C 1 
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Using this splitting, we may view ^ as a semidirect product A — fj.p yi,/, fJ-p-i, for 
some homomorphism (j) : /^p-i — > Aut (pp). The latter is given by C (/i i— > ), 
which follows from the formula for conjugation 

Recall that Aut (up) = Mp-i, such that we may view as the map /ip — ^p, C, i— )> C^. 
Obviously, </> is trivial if and only if p — 1, which is the order of the group fip-i, 
divides 2. Hence: 

Proposition 2.1. The sheaf of groups A is commutative if and only if p = 2 or 
p — 3. In this case, we have H^{S, A) ~ H^{S, /ip) © H^{S, ^.p^i). 

For p — 2 and p = 3 it is thus easy to compute the cohomology group H^{S,A) 
with Kummer sequences. 

From now on, we assume that p > 5 and shall apply the theory of nonabelian 
cohomology to compute the cohomology set H^{S, A). Care has to be taken because 
the extension in ([8]) is noncentral. In any case, we have an exact sequence of pointed 
sets 

H"{S,A) H"{S,tip^i) H\S,fip) — > H\S,A) — > H\S,tip.i). 
The outer maps are surjective, because A — s> fJ-p-i has a section. In other words: 

Proposition 2.2. The canonical map H^{S,^p) — ?> H^{S,A) is injective, the 
canonical map H^{S,A) — >■ H^{S,^,p^i) is surjective, and H^{S,^p) is the fiber 
over the class of the trivial torsor in H^{S, ^p^i). 

To understand the other fibers of the surjection H^{S,A) — >■ H^{S, fj,p-i), it is 
necessary to twist the groups in Let T be an y^-torsor. The sheaf of groups A 
acts on itself by conjugation a iH> (a; n- axa^^). Whence we obtain a new sheaf of 
groups A = T A, which is a twisted form of A. The conjugation action leaves 
fip <Z A stable, and is trivial on the quotient fip-i- Hence we obtain a twisted form 
Jlp and an extension of groups 

(10) 1 — >]lp — >A — y ^J.p-1 — >l. 

It turns out that this extension does not necessarily split. Note that in our situation 
the notions of schematically split and group-theoretically split coincide: 

Proposition 2.3. // the morphism of schemes A — t- /ip-i admits a section, then 
there is also a section that is a homomorphism of group schemes. In any case, there 
is at most one section that is a homomorphism. 

Proof. Suppose there is a section of schemes, and choose a generator C G fip~i. 
Let a G ^(5') be the image of C under the section. Then a^^^ £ -4.(5) lies over 
1 e fJ,p-i, in other words, a^~^ G Jlp{S). Since p annihilates the group scheme Jlp, 
there is some b G Jj.p{S) with b^^P — a^"^, namely b ~ a^^^. Replacing a by ba we 
obtain a^"^ — 1. Whence a defines a section that is also a homomorphism of group 
schemes. 

If a, a' are two sections that are homomorphisms, then a/ a' defines a homomor- 
phism of group schemes fJ.p-i — Jlp. Such homomorphism must be trivial because 
p — 1 annihilates the domain of definition and p annihilates the range. The unique- 
ness statement follows. □ 
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Let S" — > S* be the total space of the /ip-i-torsor induced from the ^-torsor T 
via the homomorphism A — ?> /ip-i. According to Proposition 12.21 the pullback of 
T along S" — > S* is induced form a unique /^p^s'-torsor, which we call T' . 

Proposition 2.4. The extension of groups in splits if and only if the fJ.p^s'- 
torsor T' is trivial. 

Proof. The condition is sufficient: Suppose that T' has a section. Our task is to 
see that the surjection A — > /ip-i has a section that is a homomorphism of groups. 
We may check this after replacing S* by a finite Galois covering, because if such a 
section exist, it is unique by Proposition 12.31 and whence descends. Replacing S 
by the total space S' of the induced /.tp_i-torsor, we may assume that the ^-torsor 
T is induced by some ptp-torsor T', which is trivial by assumption. Now we are 
twisting with the trivial ^-torsor T, and the resulting group extension is obviously 
split. 

The condition is also necessary: Suppose that T' is nontrivial. Let f : A ^ Mp-i 
be the canonical projection, and fix a generator ^ e Hp-i. We shall show that the 
/Ip-torsor is nontrivial. Making a base change as in the preceding paragraph, 

we may assume that the ^-torsor T is induced by the nontrivial /Up-torsor T'. Let 
/ : .A ^p be the original projection. Then the fiber is f~^{0 = T' A''p 
According to the formula for conjugation (|9|), the v ^ act on /^^(f) via 

where n — — ^ is an element from TLIpl. Since p > 5, we have n 7^ 0, such 
that ;y I— i^" is an automorphism of [ip. Set m = and let T" be the /Xp-torsor 
obtained from T' via pulling back along the automorphism v ^ v™ . Then f~^{^) 
is obtained from f^^{£,) by twisting with the nontrivial /ip-torsor T" with respect 
to the multiplication action of /ip on f^^{(,) — /ip. Consequently, /^^(f) — T" does 
not admit a section over S. □ 

The preceding proof actually gives the following information: 

Proposition 2.5. Suppose S is connected, and that the fip^s' -torsor T' is nontriv- 
ial. Then the image of H'^{S,A) — > H^{S, ^p^i) is the subgroup {±1}. 

Proof. The condition that the fiber /^^(^) C A, ^ € Mp-i admits a section is 
equivalent to the vanishing of n = — ^, that is, ^ = ±1. □ 

We now have everything to compute the set of isomorphism classes of A-torsors: 
Fix an yl-torsor T , and consider the exact sequence (jlOp obtained by twisting with 
T with respect to the conjugation action. According to [5], Section 5.6, we have: 

Theorem 2.6. The pointed set of isomorphism classes of A-torsors in H^(S,A) 
with the same image in H^{S, ^p-i) as T is in canonical bijection to the group 
H^{S,]jLp) modulo the permutation action of H'^{S, ^p-i) coming from the twisted 
extension 1 ^ Jlp ^ A ^ Mp-i ^ 1- 

Remark 2.7. The permutation action of the subgroup {±1} C H'^{S, fip-i) on 
H^{S, Jip) is trivial. This follows from |5j. Proposition 5.4.1, because its conjugation 
action on flp is trivial, and its image in H^(S,Jlp) under the coboundary map is 
trivial. 
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3. The extension class 

Let K he a field of characteristic p > and Ek an elliptic curve over K. In order 
to decide when Ek has a rational p-division point, that is, a _fC-rational point of 

order p, we shall analyze the multiplication-by-p map. We recall that the Frobenius 

(v) 

pullback Ej^ is defined by the cartesian diagram 

E^^^ > Ek 



Spec{K) > Spec{K). 

F 

We obtain a factorization 

Ek ^ Ek 





of the multiplication-by-p into the relative Frobenius followed by the Verschiehung. 
The kernels ker(i^) and ker(F) are finite and flat group schemes of order p over K, 
where ker(F) is infinitesimal. We recall that Ek is ordinary if ker(y) is etale, that 
is, a twisted form of 'L/pl,. In any case, the kernel Ek\p\ of the multiplication- by-p 
map sits inside a short exact sequence 

(11) 1 — ^ker(F) — > Ek[p] — ^ ker(l^) — > 1, 

and we conclude from this discussion: 

Proposition 3.1. There exists a rational p-division point on Ek if and only if the 
following two conditions are satisfied: 

(i) the group scheme keriV) is isomorphic to Z/pZ, and 

(ii) the extension ill]) splits. 

As explained in [10 , Section 2.8 there exists a canonical pairing between the 
kernel of an isogeny and the kernel of its dual isogeny. This implies that Ek[p] 
isomorphic to its own Cartier dual and hence ker(i^) is the Cartier dual of ker{V). 
In particular, ker(y) is isomorphic to Z/pZ if and only if kcr(i^) is isomorphic to 
Hp. 

We recall from [TU], Section 12.4 that the Hasse invariant h of Ek is defined as 
the induced linear mapping on Lie algebras 

h = Ue{V) : Lie(£:^^) Lie(£:j<-). 

Using the identification Lie(i?^'') — Lie(i?K)'^^, we may regard the Hasse invariant 
as an element in the one-dimensional if -vector space Lie(£;)®'(i-P). From this we 
derive more explicit invariants: Choose a basis u & Lie(i?/f ), such that h — \u®^^~p^ 
for some scalar A G if , which is unique up to (p — l).st powers. 

The Hasse invariant determines the p-Lie algebra g = Lie{EK) — Ku up to 
isomorphism via u^^'l — Xu, and consequently ker(F) — Spec([/[^J (g)"^). Clearly, 
Ek is ordinary if and only if A 7^ 0. In turn, the Cartier dual is given as a scheme 

by 

kei{V) = Hom(ker(F),G™) = Spec k[u]/{uP - Au). 
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Applying Proposition ll.il we conclude 

Proposition 3.2. //A 7^ 0, then ker(i^) is the twisted form of corresponding to 
the twist parameter A^^ G K . In particular, the group scheme ker(V^) is isomorphic 
to Z/pZ if and only if A lies in K^^p~^') . 

Proposition 3.3. Let Ek be an ordinary elliptic curve over K . Then the following 
are equivalent: 

(i) jiEK) e KP, 

(ii) there exists an elliptic curve Xk over K , so that X^^'^ ~ Ek, and 

(iii) the extension hll]) splits. 

For supersingular elliptic curves (i) and (ii) are always true, whereas (iii) never 
holds. 

Proof. Let Ex be ordinary. To prove (i) =^ {Hi), choose an elliptic curve Yx over 
K with HXkY = jIEk). The separable isogeny V : vjf^ Yk shows that the 
extension (jlip splits for Yjf"^ and the splitting is given by the subgroup scheme 
G = ker(y). To proceed, note that Ex is a twisted form of Yjf\ In order to 
establish existence of an etale subgroup scheme of Ex [p] it thus suffices to check 
that G is invariant under the automorphism group scheme of Yjf ^ . To check the 
latter, we may assume that K is algebraically closed. Now the invariance is clear 
because the automorphism group scheme is reduced and G is the reduction of the 
p-torsion subgroup scheme. 

To prove (Hi) ^ (ii), let Gx C be the subgroup scheme defining the 

splitting of (jlip . and set Xx = Ex/Gx- Consider the following commutative 
diagram 

xp 

Ex ^ Ex 



^ A 
I 
I 



(P) 



Xx ^Xj^ 

The diagonal dotted arrow exists because Gx C Ex[p] and the vertical dotted 
arrow exists because Xx — >■ Ex is purely inseparable. Then Xx{p) Ex has 
degree one, hence is an isomorphism. The implication [ii) (i) is trivial. 

Now let Ex be supersingular. Then pT|) never splits because otherwise the 
embedding dimension of Ex[p] would be too large. As explained in the proof of 
|10) . Theorem 12.4.3, the multiplication by p-map induces a canonical isomorphism 

Ex — E^ from which (i) and (ii) follow immediately. □ 

We have seen that Ex[p] is a twisted form of G = /ip © (Z/pZ) over S — Spec K 
that respects the Weil pairing $. As explained in Section [2l Ex[p] defines an 
A = Aut fC $)-torsor. By Proposition 12.21 there is a surjective homomorphism of 
pointed sets 

H\S,A) ^H\S,fXp-i) 1 
mapping the class of Ex[p] to the class of ker(F). This latter cohomology group 
and the class of ker(F) have been analyzed in Section [T] and their relation to the 
Hasse invariant is described in Proposition 13.21 To determine the fiber over the 
class of ker(F) we proceed as in Section [2] and consider the ^-torsor T = ker F © 
Hom(ker(F), Gm). The twisted form ^ = T A"^ ^ of ^ is an extension of fip-i by a 
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twisted form /ip of fip as in (|10|) . For this specific choice of A the general machinery 
developed in Section [2] simplifies: 

Theorem 3.4. The pointed set of isomorphism classes of A-torsors with image 
ker(i^) in /ip-i) is in bijection with H^{S,]lp). Moreover we have canonical 

isomorphisms of groups 

H\S,Jlp) ~ i7\S',Hom(kery,kerF)) ~ Exti(kery,keri^), 

identifying this pointed set with the group of twisted splittings of ill}) , as well as 
the group classifying all extensions of kei^V) by ker(_F). 

Proof. Let S" — s- S* be the total space of the /Xp_i-torsor induced from the ^-torsor 
T via the homomorphism A — > /ip-i as in Section [2] The puUback of T along 
5' — ?> 5 yields Hp^s' © i'^/p^)s', which is induced from the trivial /ip.s'-torsor. 
By Proposition 12.41 the sequence (fTO|) for A is split. In particular, the map from 
H^{S,Jlp) to H^{S,A) is injective. 

By construction, we have Jlp = Hom fker V. ker F) . so that H^{S,'jlp) classifies 
twists of splittings of dTTI) . The identification of the group of twisted splittings with 
the group of all extensions follows from the discussion in [2], Chapter III, §6.3.5 
and [2 , Chapter III, §6, Corollaire 4.9. □ 

We stress that this result is due to the specific choice of the ^-torsor T. In this 
case, the distinguished element of H^{S,A) corresponds to the split extension of 
ker(i^) by ker(F). In particular, the class of Ex[p] in H^{S,A) equals this distin- 
guished element if and only if j{Efc) 6 Rp thanks to Proposition [331 Moreover, in 
the proof we have seen that if / : 5' — !■ 5 trivializes the /ip_i-torsor ker(i^) then Jlp 
becomes isomorphic to /ip. Hence we obtain subgroup scheme of the Weil 

restriction ft,{pp^s') and Theorem 11.71 applies . 

4. Neron models and sections of order p 

Throughout, we shall work in the following set-up: Let i? be a henselian discrete 
valuation ring of characteristic p > 0, whose residue field k = R/mn is algebraically 
closed, with field of fraction R C K. Let us also fix a uniformizer t G R. Given 
an elliptic curve Ek over K, we denote hy E ^ Spec(i?) its Neron model, and by 
Ek C E the closed fiber. Let $fc = Ek/E° be the group of connected components 
of the closed fiber Ek. Note that if Ek has additive reduction, then the possible 
orders for are 1,2,3,4. We refer to [T] as general reference for the theory of 
Neron models. 

Suppose there is a rational p-division point z G Ek. Let Gk C Ek be the 
subgroup scheme generated by z, and consider its schematic closure G G E. 

Lemma 4.1. The subscheme G (Z E is a subgroup scheme, and the structure 
morphism G Spec(i?) is flat and finite of degree p. 

Proof. Clearly, G is reduced and the structure morphism G — > Spec(i?) is flat. The 
Neron mapping property yields a morphism of group schemes Lp : (Z/pZ) — E with 
Ik I— >■ z. Hence G is the schematic image of ip, whence finite because E Spec(i?) 
is separated. Its degree must be p, because the generic fiber has length p. 

To see that G C -E is a subgroup scheme, it suffices to check that the multi- 
plication map n : G X G ^ E factors through G C E, according to [H]. Since 
GxG Spec(i?) is flat and flnite, the inclusion Gk x Gk C G x G is dense. Since 
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E Spec(i?) is separated, the multiplication map jj, : G x G ^ E is finite, and in 
particular closed. Whence 

li{G xG)= ijl{Gk X Gk) = KGk x Gk) = G^ = G, 

such that ji factors through G C E sct-thcorctically. Using that G x G is reduced, 
we conclude that the schematic image /x(G x G) C .E is reduced as well, and infer 
that jj, factors through G C E scheme-theoretically. □ 

In the preceding situation, it is convenient to consider the Cartier dual H = 

Honi(G, Gm), which is actually easier to describe than G. Note that the group 
scheme H — > Spec(i?) is finite flat of degree p, and recall that t G R denotes a 
uniformizer. 

Proposition 4.2. Both fibers of H Spec(-R) are infinitesimal group schemes. If 
Gk is connected, then Gk — Hk — ap. Moreover, the Lie algebra f) = Lie(_ff) is a 
free R-module of rank one, and admits a basis 6 S f) satisfying fel^l = t"'b for some 
integer n>0. 

Proof. By construction, the generic fiber is Hk = IJ'p,K. Since Hk C H is dense, 
it follows that the closed fiber Hk is connected. Over the algebraically closed field 
fc, there are only two connected group schemes of length p, namely ap and jjp. 
Only the former has a connected Cartier dual. So if Gk is connected, we must have 

Hk — cip,k- 

The Lie algebra () is a free module of rank one, because the fibers of — )■ Spec(i?) 
are infinitesimal of length p. Choose an arbitrary basis 6 S f). Then b^"^ = fb for 
some / € i?, which is nonzero because Hk = IJ-p.K- Write / = f^g for some unit 
g G R. Since R is strictly henselian, there exists an G i? with = g. Replacing 
b by h~^b, we find the desired basis. □ 

Now back to our elliptic curve Ek and its Neron model E — )■ Spec(i?). If 
K c K' is a. finite field extension, we denote by R' C K' the integral closure of 
R C K'. Then R' is a henselian discrete valuation ring with field of fraction R' c K' 
and algebraically closed residue field k = R/mR = R'/mR'. We shall denote by 
Ek' = Ek <Sik K' the induced elliptic curve over K' , and by E' Spec(i?') its 
Neron model. Note that the canonical map E R' — > E' coming from the Neron 
mapping property is, in general, not an isomorphism. 

The preceding Proposition yields a first restriction on Neron models in presence 
of rational p-division points: 

Theorem 4.3. Let Ek be an elliptic curve over K. Suppose the Frobenius pullback 
E^^ contains a rational p- division point whose class in ^k is zero, and that Ek 
has additive reduction. Then Ek has potentially supersingular reduction. 

Proof For characteristic p 2, this easily follows from the representability of the 
Igusa moduli problem. The following argument works in general: Replacing Ek by 
E^\ we may assume that the rational p-division point already lies on Ek. Choose 
a finite field extension K C K' over which Ek' acquires semistablc reduction. The 
Neron mapping property yields a morphism / : E(S)rR' — >■ E', which is the identity 
over K'. Since all homomorphisms from Ga into Gm or elliptic curves are zero, / 
maps the connected component of the closed fiber oi E (E)r R' to the origin. 

Fix a rational p-division point z G Ek and let 5^ C ii^ be its closure. Then 
the schematic image f{Sz <Sir R') C £" is a section inducing a point of order p 
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over K' and passing through the origin of the closed fiber. Let G' C E' be the 
closed subscheme generated by this section. Its generic fiber is cyclic of order p, 
whereas the closed fiber is connected. According to Proposition 14. 2[ the closed 
fiber is isomorphic to ap. Now suppose that Ek has either potentially ordinary or 
potentially multiplicative reduction. Then the connected component of the origin 
in E'^, would be an ordinary elliptic curve or G™. But these group schemes do not 
contain a^, a contradiction. □ 

Remark 4.4. If a rational p-division point has non-zero specialization into "I>fc, 
then p divides the order of In case of additive reduction $fc is of order at most 
4. In particular, the assumption of the theorem on $fc is automatically fulfilled for 
p > 5. 

Using information from tables of reduction types (for example in [5T), Chapter 
IV, §9), we obtain the following more specific consequences: 

iv) 

Corollary 4.5. Let Ek be an elliptic curve over K . Suppose that E^ contains a 
rational p- division point, and that p > 3. Then the reduction type of Ek is not I;* 
with 1>1. 

Proof. If the reduction type is I* with Z > 1, then the j-invariant of Ek is not 
contained in R. Consequently Ek has potentially multiplicative reduction, in con- 
tradiction to Theorem 14.31 □ 



Corollary 4.6. Let Ek be an elliptic curve over K . Suppose that E^j^"^ contains a 
rational p- division point. If p > 5 and if the reduction type is II, IV, IV* or 11*, 
then we have p = —1 modulo 3. If p > 'i and if the reduction type is 111 or 111* , 
then p = — 1 modulo 4. 

Proof. Let jj. e R/mn be the residue class of the j-invariant of Ek, which must be 
a supersingular j- value by Theorem 14.31 If the reduction type is III or III* , then 
jk = 1728 by the tables of reduction type. According to [20], Chapter V, Example 
4.5 this j-value is supersingular if and only li p = —1 modulo 4. If the reduction 
type is II, IV, IV* or II*, then jk — 0, and this is supersingular if and only if p = —1 
modulo 3, according to loc. cit. Example 4.4. □ 

iv) 

Corollary 4.7. Let Ek he an elliptic curve over K . Suppose that E^ contains 
a rational p- division point, that Ek has additive reduction, and that p = 1 modulo 
12. Then Ek has reduction type Iq. 



Proof. In light of Corollary 14.51 and Corollary 14.61 the only remaining possibility 
for an additive reduction type is Iq. □ 

5. Osculation numbers and Hasse invariant 

Let Ek be an elliptic curve and E Spec(i?) be its Neron model, say given 
by a minimal Weierstrass equation y^ + aixy + a^y = + a2X^ + a^x + ag. The 
group E{K) comes along with a decreasing filtration defined as follows [22 : The 
subgroup Ei{K) C E{K) comprises those z G E with vanishing specialization in 
Ek- The coordinates of such points z = {X, fJ-) have valuations J^(A) — —2m and 
v{fi) — —3m, and one defines 

E,niK) ^ {z e Ei{K) \ z ^0 or iy{X) < -2m} . 
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Let US check that this is independent of the chosen Weierstrass equation: Given a 
rational point z G Ek, we write Sz — {2} for its closure in E. For each nonzero 
z G Ei{K), the scheme Sz n 5*0 is a local Artin scheme, and it is convenient to call 
its length the osculation number of z G Eq(K). 

Lemma 5.1. The point z G Ei{K) has osculation number m if and only if z €z 

E,n{K)-E,n+liK). 

Proof. Suppose z =^ has osculation number m and i'(A) = — 2n. By |22) . 

Theorem 4.2, the fraction —x/y, viewed as a variable, yields a uniformizer along 
the zero section for E. The intersection scheme Sz CiSq has length to, and is defined 
by R[z]/{z,z — X/iJ-), which has length i^(A//i) = n. We conclude n — m, and the 
result follows. □ 

Now we are interested in the osculation number for rational p-division points. It 
turns out that this is closely related to the Hasse invariant. Suppose for simplicity 
that Eji has good reduction and consider the factorization of the multiplication- 
by-p morphism of Neron models 

p 

E ^E 




E(p) 

As in Section [21 the Hasse invariant h of E is defined as the induced linear mapping 
on Lie algebras 

h = Lie(y) : Ue{E^P'>) Uc{E). 
Using the identification Lie(£''^''^) = 'Lie{E)^P, we may regard the Hasse invariant 
as an element in the invertible i?-module Lie{E)^^^~P\ From this we derive more 
explicit invariants: Choose a basis u G Lie(£'), such that h = wu®^^"^' for some 
scalar u E R. Then the vanishing order ^{h) = v{uj) > and the residue class 
[h] = [oj] G R/R^^P'-^^ do not depend on the choice of the basis. 

The Hasse invariant determines the p-Lie algebra g = Lie(£') = Ru up to iso- 
morphism via wIpI = Lju, and consequently ker(F) — Spec(C/[Pl (g)^). It turn, the 
Cartier dual is given as a scheme by 

ker(F) = Hom(ker(i^),(G,„) = Spec fc[u]/(u^' - uu). 
This leads to the following observation: 

Proposition 5.2. Suppose that Ek has good reduction and that the Hasse invariant 

of E has vanishing order v{h) — p — 1. Then the Frobenius pullback contains 

(v) 

a rational p- division point z G Ej^ with osculation number one. Its coordinates 
z — (A,/i) in the Weierstrass model have valuations ~ —2 and v{p) = —3. 

Proof. Since R is strictly henselian, we may represent the Hasse invariant h by the 
scalar uj = tP~^ for some uniformizer t G R. Clearly, z G ker(y), and we just saw 
kei{V) — Specfc[w]/(u^ — tP^^u). Now the decomposition 

uP - tP-^u = u Jl {u-Ct) 
CeMp-i(fl) 

shows that the intersection Sz H S'o has length one, and the statement follows from 
Lemma 15.11 □ 
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Remark 5.3. There is actually an explicit formula, of a somewhat implicit nature, 
for the x-coordinate of p-division points discovered by Gunji [8] . 

6. Reduction types under quadratic twists 

In this section we shall analyze the behavior of reduction types under quadratic 
twists. Let Ek be an elliptic curve over K, and W Spec(i?) be its Weierstrass 
model, that is, the relative cubic defined by a minimal Weierstrass equation. Choose 
a separable quadratic field extension K C K' , and let i? C -R' be the corresponding 
extension of discrete valuation rings. Then the group {±1} acts on W via the sign 
involution, and on R' via the Galois involution. Now consider the diagonal action 
on the product 

W = W Xspe,(H) Spec(i?') = W®R R', 

and let Y ~ W' / {±1} be the quotient, which exists as a scheme because W 
carries an ample invertible sheaf. All our actions are via i?-morphisms, so Y is an 
i?-scheme. The scheme Y is normal, the morphism Y — > Spec(i?) is proper, and 
the canonical map R H'^{Y, Oy) is bijective. 

Taking quotients commutes with passing to invariant open subsets, so Yk = 
Efc' I {±1} is nothing but the quadratic twist of Ek with respect to the field exten- 
sion K C K'. More abstractly, Yk = Spec{K') A^^^'^ Ek, where we view Spec(iV'') 
as a {±l}-torsor. To emphasize this aspect, we write Ek = Yk for this elliptic 
curve. Note that K C K' is unique up to isomorphism if p 7^ 2, because R is 
assumed to be strictly henselian. 

Proposition 6.1. If Ek has good reduction and p ^ 2, then the quadratic twist 
Ek has reduction type Iq. 

Proof. First note that the Weierstrass model coincides with the Neron model E, 
which is a relative elliptic curve. The fixed schemes for the action on E and Spec(i?) 
are given by the 2-torsion scheme and the closed point, respectively. Whence the 
fixed points on E' ~ E eg)/? R' are the 2-torsion points in the closed fiber If 
p ^ 2, then there are four such fixed points, whose images on Y are four rational 
double points of type Ai, which comprise Sing(y). Let X ^ Y he the minimal 
resolution of singularities. Since Y is Gorenstein and Yfc is irreducible, the relative 
canonical class Kx/r is trivial. It follows that X is the regular model of Ek- The 
closed fiber Yk has multiplicity two, because it is birational to the quotient of the 
double curve E ®r (R'/tR'). We infer that Ek has reduction type Ig. □ 

It is not difficult to determine the behavior under twists for arbitrary reduction 
types without geometry, by merely using Weierstrass equations and Ogg's Formula, 
at least if p 7^ 2, 3, which we assume for the rest of this section. Then, Ogg's formula 
pi] . Chapter IV, Formula 11.1 tells us that 

iy{A) = £ + (to - 1), 

where i^(A) is the valuation of a minimal discriminant, to denotes the number of 
irreducible components of the closed fiber of E and e is equal to 0,1,2, depending 
on whether Ek has good, multiplicative or additive reduction. 

Proposition 6.2. For p > 5 the reduction types of Ek and its quadratic twists Ek 
are related as in the following table: 
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Ek 




II 


III 


IV 


IV* 


III* 


II* 


r 

m 


Ek 


I* 

m 


IV* 


III* 


II* 


II 


III 


IV 


Im 



Proof. Choose a minimal Weierstrass equation 

(12) = + a4^x + ag 

for Ek with coefficients 04,05 G R. According to [20], Chapter X, §6, Proposition 
5.4, the quadratic twist Ek has Weierstrass equation 

(13) y'^ ^ +t'^a4X + t^a(i, 

whose discriminant is t^A. Let j d K he the j-invariant of Ek- We first consider 
the case > 0. Suppose that j^(A) = 0,2,3,4, such that the reduction type of 
Ek is Iq, II, III, IV, respectively. Then the Weierstrass equation (fT3)) is minimal, 
and Ogg's Formula implies that the reduction type of the quadratic twist Ek is Iq, 
IV*, III*, 11*. Now suppose that v{A) — 6, 8, 9, 10, such that Ek has reduction type 
Iq, IV*, III*, II*, respectively. According to Lemma [6.51 the change of coefficients 
X — t^x' and y — t^y' yields another integral Weierstrass equation 

(14) = +^"^042; + i'^flg, 

which has discriminant A = t^^A, and is therefore minimal. Ogg's Formula implies 
that the quadratic twist has reduction type Io,II, HI, IV, respectively. 

It remains to treat the case v{j) < 0. Suppose that Ek has reduction type Im, 
m > 1. Then v{j) — — m, and 04,05 G R are invertible, by the table after [1], 
Chapter 1, Section 1.5, Lemma 4. It follows from the Tate algorithm (f5^, see also 
|21) . Chapter 4, Section 9) that the Weierstrass equation (IT3|) is minimal and has 
reduction of type I^* for some I > 0. Then, Ogg's formula yields I — m. Conversely, 
if Ek has reduction type I^, then the Weierstrass equation ()14|) is minimal, with 
invertible coefficients, and the quadratic twist has reduction type I^. □ 

II j{EK) = 0, then the automorphism scheme of Ek is isomorphic to fie, and we 
may also perform a sextic twist with respect to the generator 

If Ek has Weierstrass equation y^ = x^ + ae, then the sextic twist is given by the 
Weierstrass equation y^ — x^ +uaQ, by [2(1,, Chapter X, §6, Proposition 5.4. Using 
it^ instead of the generator u £ H^{K,fie), we obtain the cubic twist, which is given 
by the Weierstrass equation y"^ = x^ + v?aQ. 

Proposition 6.3. Suppose that J^Ek) — and p > 5. Then the reduction types of 
Ek and its cubic and sextic twists are related as in the following table: 



Ek 


lo 


II 


IV 


T* 


IV* 


II* 


cubic twist 


IV 




IV* 


11* 


lo 


II 


sextic twist 


II 


IV 


IS 


IV* 


II* 


lo 



If j(EK) ~ 1728, then the automorphism scheme of Ek is isomorphic to /i4, and 
we may also perform a quartic twist with respect to the generator 

If Ek has Weierstrass equation y'^ — + a4X, then the quartic twist is given by 
the Weierstrass equation y"^ = x^ + ua^x, by [20], Chapter X, §6, Proposition 5.4. 
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Proposition 6.4. Suppose that j{EK) ~ 1728 andp > 5. Then the reduction types 
of Ek and its quartic twist are related as in the following table: 



Ek 


lo 


III 


IS 


III* 


quartic twist 


III 


T* 


III* 


lo 



The proofs for the preceding two propositions are as for Proposition l6.2| we leave 
the actual computations to the reader. In the proof of Proposition 16.21 we have 
used the foUowing fact: 

Lemma 6.5. Suppose — a^x + ae is a minimal Weierstrass equation. If 
i^(A) > 6, then ^{ai) > 2 and v^oq) > 3. 

Proof Using the formulas A = -16(4a| + 27a^) and j = 1728(4a4)3/A for the dis- 
criminant and j-invariant, together with Ogg's Formula, one obtains the following 
table, which gives j^(A) and the reduction type in dependence on the valuations of 
04, ag G R'- 



1^(04) 








> 1 


1 


> 1 


> 2 







> 1 





> 2 


1 


2 


KA) 


—n 








3 


2 


4 


reduction type 


In 


lo 


lo 


III 


II 


IV 



The statement follows from this table. □ 



7. Reduction type under Frobenius fullback 

Let Ek be an elliptic curve over K, and consider its Frobenius pullback Ej^ . 
In this section we describe the reduction type of the Frobenius pullback in terms of 
the reduction type of the original elliptic curve. Since an additive reduction type 
changes to a semistable reduction type only after a nontrivial Galois extension by 
[T7| . Corollary 3 to Theorem 2, the following fact holds: 

Lemma 7.1. The Frobenius pullback Ej^ has semistable reduction if and only if 
Ek has semistable reduction. 

Let j € K he the j-invariant of E, such that G if is the j-invariant of the 
Frobenius pullback. 

Proposition 7.2. If Ek has reduction type Im for some m > 0, then the Frobenius 
pullback e'^j^^ has reduction type 1pm- 

Proof. We have i^(j) = — m and h'{j^) = —pm. Using Lemma l7.1l we infer that the 
Frobenius pullback has reduction type Ipm- O 

Proposition 7.3. // Ek has reduction type IJjj for some m > and p > 3, then 
the Frobenius pullback E^^^ has reduction type 1*^ . 

Proof. It is easy to see that quadratic twists commute with Frobenius pullbacks. 
So for p > 5 the statement follows from Proposition 16.21 and Proposition 17.21 Also, 
if m > 1, we can argue for all p > 3 as follows: then j/(j) = —to and i^(j^) — —pm, 
and we infer that the Frobenius pullback has reduction type I*„. It remains to 
treat the case p = 3 and to = 0. Then i^(A) = 6 and the Tate algorithm reveals 
that a minimal Weierstrass equation exists with ^{ai) > 1, 1^(02) > 1, 1^(03) > 2, 
1^(0,4) > 2 and ^{ae) > 3. Obviously, this equation is no longer minimal after 
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Frobenius puUback and we infer that the discriminant of a minimal Weierstrass 
equation has i/(A(p)) = 3 • 6 - 12 = 6. From [21], Chapter IV, §9, Table 4.1. we get 
the reduction type Iq. □ 

As we shall see in Section [Ml this does not hold true in characteristic two. 

Proposition 7.4. Suppose p > 5. Then the reduction type of Ek is related to the 
reduction type of its Frobenius puUback as described the following table, according 
to the congruence class of p modulo 12: 



Ek 


^771 


^7n 




III 


IV 


IV* 


III* 


II* 


for p = 1 




I* 




III 


IV 


IV* 


III* 


II* 


E^^'^ for p EE 5 




r 

pm 


TT* 


III 


IV* 


IV 


III* 


II 


Sj^' for p = 7 


Ipm 


I* 

pm 




iir 


IV 


IV* 


III 


II* 


E*-^^ forp= 11 




I* 

pm 


TT* 


iir 


IV* 


IV 


III 


II 



Proof. We already verified the first two columns of the table. Suppose now that Ek 
has reduction type of the form II, III, . . . , II*. Then the reduction type is entirely 
determined by 1 < i^(A) < 11 via Ogg's Formula, and we have i^(A(p)) EE pi/(A) 
modulo 12 by Tate's Algorithm. Reducing modulo 3 and 4, we see that the possible 
congruence classes for the prime p are 1, 5, 7, 11. A direct computation now yields 
the entries of the table. □ 

Remark 7.5. Let T e {II, III, IV} be a Kodaira symbol. The change on the 
Kodaira symbols in passing from Ek to i?^-* is not difficult to remember: If p = 1 
modulo 12, nothing changes. If p = -1, then T o T*. If p = 5 then T ^ T* for 
the "even" Kodaira symbols, and nothing else changes. If p = —5, then T T* 
for the "odd" Kodaira symbols, and nothing else changes. 



8. p-TORSION UNDER QUADRATIC TWISTS 

We keep the notation as in the preceding section. Let Ek be an elliptic curve 
over K. Choose a separable quadratic field extension K C K' and let Ek be 
the corresponding quadratic twist. Passing to the quadratic twist may turn closed 
points into rational points. This relies on a useful fact from Galois theory: 

Lemma 8.1. Let F (Z L be a finite abelian field extension with Galois group H. 
The quotient o/Spec(i) Xgpcc(_F) Spec(L) by the diagonal action of H is isomorphic 
to the disjoint sum of \H\ copies ofSj>ec{F). 

Proof. Set A — Yl^^jj L. Under the isomorphism L (^p L ^ A, x®y ^ {xa{y))a, 
the diagonal tensor product action oi H on L ®f L corresponds to the diagonal 
product action on A given by r • {z„)u = {t{z„))„. The corresponding invariant 
ring is A^ = YiaeH which gives our statement. □ 

Now suppose z e Ek is a closed point, so that the corresponding closed sub- 
scheme SpecK(z) C Ek is invariant under the sign involution, and whose residue 
field extension K C k{z) is isomorphic to K C K' . Set Ek' — Ek ® K', and let 

r : Ek' Ek and q : Ek' Ek 
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be the canonical morphisms. Then, by the precedmg Lemma, the closed subscheme 
q{r^^{z)) C Ek is the disjoint union of two rational points j/i, 2/2 S Ek- This leads 
to the following result: 

Proposition 8.2. Suppose there is a etale subgroup scheme Gk C Ek of length p, 
containing a closed point z S Gk so that the field extension K C k{z) is of degree 
two. Then Ek contains a rational p-division point. 

Proof. First note that Gk is a twisted form of Z/pZ. For p ~ 2, all such twisted 
forms are trivial, such that all points of Gk sue rational. Our assumptions thus 
imply p > 3. Then the two field extensions K C k{z) and K d K' are isomorphic, 
because R is strictly henselian. We now check that z € Gk, viewed as a closed 
subscheme, is invariant under the sign involution. Write Gk as the spectrum of 
K[T]/{TP - tT) for some t G K"". Then the sign involution acts via T -T. 
The closed point z G Gk corresponds to an irreducible quadratic factor in K[T] 
of T^^i — T = rice/j ^ ^^'^)' "^ticre a G is a root of this polynomial. The 
quadratic factors are of the form 

(T - C«)(r - C'a) t2 - (C + C)aT + CC'a', 

whence C — — ^, and the quadratic factor is invariant under T —T. In light of 
the discussion preceding the Proposition, the image q{r~^(z)) C Ek is the disjoint 
union of two rational points, which are necessarily of order p. □ 

It is easy to see that quadratic twisting is compatible with isogenics: If Ek —5- E^j^ 
is an isogeny, we obtain an isogeny Ek E\^ of the same degree between the 
corresponding quadratic twists. We now apply this to the inseparable isogeny 
F : Ek — > E^^^ of degree p. Clearly, the induced isogeny on quadratic twists is also 
inseparable, and it follows that the quadratic twist of a Frobenius pullback is the 
Frobenius pullback of the quadratic twist. We simply write E^ for this elliptic 
curve. 

Proposition 8.3. Suppose p > 3, that Ek has good reduction, and that the Hasse 

invariant of E ^ Spcc(i?) has vanishing order {p — l)/2. Then the quadratic twist 
— (v) 

Ej^ contains a rational p-division point. Its specialization in the closed fiber of the 
Neron model is nonzero and lies in the connected component of the origin, that is, 
its class in is zero. 

Proof. Let E'^p^ be the Neron model of E^^^ . According to Lemma 14. li there is 
a subgroup scheme G C E^^^f of order p that is generically etale. Let t G i? be 
a uniformizer. Then t^P^^^^ g R represents the Hasse invariant of E, and G is 
isomorphic to the spectrum of R[T]/{TP - t'^P'^'^/'^T). Now let R' C K' be the 
integral closure of i? C if', and choose a uniformizer t' G R' with t'"^ = t. Using 
the decomposition 

TP-t'P-^T^T W {T-Ct'), 

we infer that G' = G (E}r R' decomposes into p sections for E' = E (E)ji R' , which 
are invariant under the diagonal {±l}-action and intersect pairwise transversally 
in the fixed point G i?^. We conclude that e'^^^ contains a rational p-division 
point. It remains to determine its specialization behavior. 
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Consider the normal surface Y — E)^, / {±1}, and let q : E^^, Y he the 
quotient map. Let X —t- Y he the blowing-up of the four rational double points of 
type Ai on Y. As explained in the proof for Proposition 16. 11 the Neron model E of 
Ek is obtained from X by removing the strict transform of the closed fiber Yfe C Y. 
Choose a rational p-division point z S E^' and consider the closures Sz,Sq C E^' . 
If the Artin scheme q{Sz)Ciq{So) is of length one, the strict transforms of q{Sz) and 
q{So) on X will be disjoint and must pass through the same irreducible component 
of the closed fiber. So the following Lemma concludes the proof. □ 

Lemma 8.4. Let S = Spec(A) be a regular local 2- dimensional scheme in char- 
acteristic p ^ 2 endowed with a {±\}-action whose only fixed point is the closed 
point. Let Ci,C2 C S be invariant regular curves intersecting transversely, and 
q : S ~> S/ {±1} be the quotient map. Then 'z(Ci) PI q{C2) has length one. 

Proof. Without loss of generality we may assume that A — fc[[a;, y]], and that the 
action is given hy x ^ —x and y i-> —y (see, for example, [TB], Lemma 5.4). The 
invariant ring is then k[[x'^ ,xy,y'^]]. Set Di = q{Ci), and let a G S/ {±1} be the 
closed point. Then q^^{a) has length three, and the projections Ci — > Di have 
degree two. If the integral curve Di were nonnormal, then q^^{a) f) Ci would have 
length > 4. This is impossible, so the Di are regular. Let n > 1 be the length of 
Di n D2. The Nakayama Lemma implies that q~^{Di n D2) has length < 3n. On 
the other hand, q~^{Di n D2) n (Ci U C2) has length 4n - 1. This gives us the 
estimate 4n — 1 < 3n, and consequently n — I. □ 

It remains to find a discrete valuation ring R and an elliptic curve Ek over the 
function field R C K whose Neron model E — s> Spec(i?) meets the assumptions of 
the Proposition 18.31 

Theorem 8.5. Let k be an algebraically closed field of characteristic p > 3, and 
jk E k be a supersingular j -value. Then there is an elliptic curve Ek over the field 
K — k(t) with reduction type Iq so that contains a rational p-division point 
whose specialization in the closed fiber of the Neron model is nonzero and lies in 
the connected component of the origin. Moreover, the j -invariant of Ek lies in R 
and has residue class jk . 

Proof. Let Vk he the supersingular elliptic curve with the given j-invariant jk . Set 
A — fc[u](„) and choose a versal deformation V Spec(A) of Vk- According to 
Igusa's Theorem ([ID], Theorem 12.4.3), the Hasse invariant of V has vanishing 
order one. Now set R — with t — it^^^^)/^. The Hasse invariant of the 

induced family V ®rR' has vanishing order {p— l)/2. Let E be the quadratic twist 
of V ®R R' ■ According to Proposition 16. II and Proposition 18.31 the elliptic curve E 
has all desired properties. □ 

Remark 8.6. Here and the the sequel we are concerned with the existence of 
rational p-division points. It might be interesting to compute their coordinates 
explicitly. 

9. Decreasing osculation numbers 

In this section we develop a method to produce rational p-division points by 
passing from one Weierstrass equation to another that is defined over a smaller 
field. The set-up is as follows: Let R' he a henselian discrete valuation ring in 
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characteristic p > 5 with algebraicahy closed residue field k = R' /mw and field of 
fractions R' C K' . Wc also fix a uniformizer t' ^ R' . 

Let Ek' be an elliptic curve over K' with good reduction and Neron model 
E' — >■ Spec(i?'). Choose a Weierstrass equation of the form 



with coefficients a'^^a'^ G i?', such that the discriminant A' G R' is invertible. 
Making the substitutions x' = t'^'^x and y' = t'^^y over K\ we obtain a new 
Weierstrass equation 



for Ek'- Note that its coefficients at — t'^a[ remain integral, such that the new 
Weierstrass equation still defines a relative cubic C — ?> Spec(i?'). This cubic, 
however, is not the Weierstrass model of its generic fiber, because its discriminant 
t'^^A' is not invertible. Now suppose there is a subring R C R' with a4, ae G i? so 
that the extension R C R' is finite and separable. Replacing R by its normalization, 
we conclude that R is another henselian discrete valuation ring, and the residue field 
extension R/mn C R' /mw is bijective. Let R C K he the field of fractions. 

Our new Weierstrass equation (flB)) defines a relative cubic C Spec(i?) with 
C (S>R R' — C . Let En be its generic fiber, such that E^ ®k K' = E^', and 
E Spec(i?) be its Neron model. 

Proposition 9.1. Under the preceding assumptions, the degree d — [K' : K] sat- 
isfies the divisibility condition d \ 12. If furthermore d ^ 1, then Ek has addi- 
tive reduction and the relative cubic C Spec(i?) is its Weierstrass model. If 
d = 6,4,3,2, then the reduction type of Ek is II, III, IV, Iq, respectively. 

Proof. Let A e i? be the discriminant for (fT6)) . Since C(E)rR' — C by construction, 
we have diy{A) — 12. Now suppose that d ^ 1, such that iy{A) < 12. By Tate's 
Algorithm, the Weierstrass equation (fTB|) must be minimal, such that C — ^ Spec(i?) 
is the Weierstrass model of its generic fiber. Since A G ran, the elliptic curve Ek 
has bad reduction. Since Ek has potentially good reduction, the reduction type 
must be additive. Ogg's Formula = 2 + (to — 1) implies the statement on the 
reduction types. □ 

We now examine the behavior of rational p-division points in our construction: 

Proposition 9.2. Under the preceding assumptions, suppose the field extension 
K C K' has degree d > 1. Assume furthermore that Ek' contains a rational p- 
division point with osculation number one. Then Ek contains a rational p-division 
point whose specialization into Ek is nonzero. 

Proof. Choose a rational p-division point z G Ek' , say with coordinates z = (A, /i) 
with A, /X G K'. According to Proposition 15. li the coordinates have valuations 
j^(A) = —2 and = —3. Consequently u''^X, u'^^ G R' , and the closure Sz C C" 
of z G Ek' in the relative cubic defined by the new Weierstrass equation l|16p is 
a section over R' disjoint from the zero section. Since u'^X is invertible, it is also 
disjoint from the singularity in C". 

Suppose for the moment that the j-invariant j £ K of the elliptic curve Ek 
is a p-th power. According to Proposition 13. 3[ there is an etale subgroup scheme 
Gk C Ek of order p. Let Ak = Gk — be the complement of the origin, and 
A C G he its closure in the Weierstrass model C — > Spec(i?) of Ek. Since d > 1, 



(15) 



(16) 



+ a4X + ag. 
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this Weierstrass model is defined by the Weierstrass equation (fT6|). according to 
Proposition 19. II We saw in the preceding paragraph that A R' C C = C ®r R' 
is disjoint from the zero section and the singularity in C", so the same holds for 
A C C. We infer that ^U{0} coincides with the closure G C E oi Gk in the Neron 
model E — s- Spec(i?), such that G is a relative group scheme whose closed fiber is 
reduced at the origin. But R is strictly henselian, so G = {'L/p1)ii. Restricting to 
the generic fiber yields the desired rational p-division point on Ex- 
it remains to verify that the j-invariant j G K of Ek is a p-th power. By 
assumption, Ek' contains a rational p-division point, whence j £ K' is a, p-th 
power by Proposition 13.31 The following Lemma ensures that j € ivT is already a 
p-th power. □ 

Lemma 9.3. Let F d E be a field extension in characteristic p > 0. // this 
extension is separable, then the inclusion F^ C E^ H F is a bijection. 

Proof. It suffices to show that the canonical map F^ /F^p E^ /E^p is injective. 
Via the Kummer sequence, we may regard this map as H^{F,iJLp) H^{E,^p). 
Let r be a nontrivial /ip-torsor over _F, such that T is a reduced scheme. Since 
F C E is separable, the induced torsor T ®p E remains a reduced scheme, hence 
is a nontrivial torsor. Consequently, the map in question is injective. □ 

Proposition 9.4. Suppose p = —1 modulo 3. Fix an integer 1 < n < 5, and let 

Ek be the elliptic curve over K defined by the Weierstrass equation 

(17) y2 ^x^-f-f'^P-^'/^x-l-i-". 

(p) 

Then E^ contains a rational p-division point whose specialization in the closed 
fiber of the Neron model is nonzero. The j -invariant of Ek lies in R and reduces 
to ^ k. The reduction types are given by the following table: 



n 


1 


2 


3 


4 


5 


Ek 


11* 


IV* 


IS 


IV 


II 




II 


IV 


15 


IV* 


II* 



Proof. We first treat the case n = 1. Let t' be an indeterminate, and consider 
the family of elliptic curves y'^ — x^ + t'x -I- 1 over R' = which is a versal 

deformation for the supersingular elliptic curve y^ = + 1 with j-invariant = 0. 
The base change t' i— )> i'^"-'^ yields the family of elliptic curves y^ = x^ -\-t'P~^x -\- 1, 
whose Hasse invariant has vanishing order p — 1, according to Igusa's Theorem (|10). 
Theorem 12.4.3). Whence the Frobenius pullback y'^ = x^-\- t'P'^P~^^x + 1 contains 
a rational p-division point, which has osculation number one by Proposition 15.21 
Making the substitution x — t'^'^x', y — t'^^y', we obtain the new Weierstrass 
equation y^ ~ x"^ + which defines a relative cubic over fc[[t']]. Since 

p = — 1 modulo 3, this cubic is already defined over the subring k[[t]] C 
where t = t'^. According to Proposition 19.21 the elliptic curve 

y'^x'+ <(p(P-i)+-i)/6^ + t 

over K = k((t)) contains a rational p-division point whose specialization in the 
Neron model is nonzero. Its reduction type is II by Proposition 19. II 

It remains to identify this elliptic curve as the Frobenius pullback of Ek. To do 
this, write p = Gd — 1 for some integer d > I. Making the substitution x — t'^'^x', 
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y = t y' , we obtain the Weierstrass equation 



i-ed 



y^^x'+ t(p(P-l)+4)/6-4<i^ ^ ^ 

which is indeed the Frobenius pullback of ([TTl) in the case n = 1 at hand. According 
to Proposition 17.41 the curve Ek has reduction type II*. 

The elliptic curves for n > 1 are obtained from the elliptic curve with n = 1 
via the base change t M- f\ and their reduction types easily follow from Ogg's 
Formula. □ 

Proposition 9.5. Suppose p = —1 modulo 4. Fix an integer I < n < 3, and let 

Ek be the elliptic curve over K defined by the Weierstrass equation 



(18) 



y 



+ t 



Then Ek contains a rational p-division point whose specialization in the closed fiber 
of the Neron model is nonzero. Its j -invariant lies in R and reduces to 1728 G k, 
and the reduction type is given by the following table: 



n 


1 


2 


3 


Ek 


III* 


15 


III 


pip) 
Ek 


III 


15 


III* 



Proof. This is analogous to the proof for Proposition 19.41 Consider the family of 



t' over R' = k[[t']], which is a versal deformation for 
X with j-invariant jk = 1728. The base 
+ t'P-^^ and its 



elliptic curves y = x + 
the supersingular elliptic curve y'^ 

change t' i— yields the family of elliptic curve = x 
Frobenius pullback y^ = x^ + x + t'P^P~^^ contains a rational p-division point with 
osculation number one. Making the substitution x — t'^'^x' , y = t'~^y' , we obtain 
the new Weierstrass equation y"^ ^ x^ + t''^x + which defines a relative 

cubic over fc[[i']]. Since p = —\ modulo 4, this cubic is already defined over the 
subring k\\t\\ C where t = t"^ . According to Proposition 19.21 the elliptic 

curve 

over K — k((t)) contains a rational p-division point whose specialization in the 
Neron model is nonzero. Its reduction type is III according to Proposition 19. II 
Write p = 4c? — 1 for some integer d > 1. Making the substitution x 



t^'^x' 



y — t'^ y', we obtain the Weierstrass equation 



y = 

which is the Frobenius pullback of in the case n — 1. According to Proposition 
17.41 the curve Ek has reduction type III* . The elliptic curves for n > 1 are obtained 
from the elliptic curve with n = 1 via the base change i i— >■ i", and Ogg's Formula 
gives the reduction type. □ 

Now let jk G Fp C i? be an arbitrary supersingular j-value. Choose a, 6 S Fp2 so 
that y^ = x^ + ax + b defines a supersingular elliptic curve with j-invariant jk ■ 

Proposition 9.6. Assumptions as above. Let Ek be the elliptic curve over K 
defined by the Weierstrass equation 



(19) 



y2=x^+ai-2^'x+(6 + t(^'-i)/2)t-3P. 
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Then Ek contains a rational p-division point whose specialization in the closed fiber 
of the Neron model is nonzero. Its reduction type is Ig, and its j -invariant lies in 
R and reduces to jk & k. 

Proof. This is analogous to the proof for Proposition 19.41 Consider the family of 
elliptic curves = -\- ax -\- b -\- 1' over R' ~ k[[t']], which is a versal deformation 
for the supersingular elliptic curve y"^ = x^ + ax h with j-invariant jk . The base 
change t' ^ t'^~^ yields the family of elliptic curves y'^ = x^ + ax + b -\- t'P~^ , so 
its Frobenius puUback y'^ = x^ + a^x + 5^ + contains a rational p-division 

point with osculation number one. Making the substitution x — t'^'^x' , y = t'~^y' , 
we obtain the new Weierstrass equation y'^ — x^ + t'^^a^x + {b^ + t'P'-P~^^)t'^ , which 
defines a relative cubic over fc[[i']]. This cubic is already defined over the subring 
k[[t]] C where t = t'^. According to Proposition 19. 2[ the corresponding 

elliptic curve 

^ x'' + t^aPx+{bP + tP^P''^/^)t^ 

over K = k{(t)) contains a rational p-division point whose specialization in the 
Neron model is nonzero. Its reduction type is Iq by Proposition 19. II 

Write p = l — 2d for some integer d. Making the substitution x — t'^'^x' , y — t^'^y', 
we obtain the Weierstrass equation 

y^^x'+ t^-^^'aPx + {bP + tP(P'^y^)t^-^d, 

which is the Frobenius puUback of p9|) . According to Proposition 17.41 the curve 
Ek has reduction type Iq. □ 

Remark 9.7. In the proofs of Propositions 19 .4[ [931 and we constructed our ex- 
amples from the base change t' i— ^ t'P~^ from a versal deformation of a supersingular 
elliptic curve. If we apply an n-fold Frobenius puUback to this base change and 
carry out the constructions explained in the proofs of these propositions, we obtain 
all the examples of this section, but now with osculation number n. In particular, 
Frobenius puUbacks from the curves constructed in this section give all possible 
reduction types with arbitrary osculation numbers. We leave it to the reader to 
determine explicit Weierstrass equations. 

10. The elliptic curve over the Igusa curve 

Let p > be a prime number, and consider the ordinary part of the Igusa stack 
Ig(p)°'''^, whose objects over a fc-algebra A are pairs {E,z), where E — >■ Spec(A) 
is a family of ordinary elliptic curves, and z : Spec{A) E'^p^ is a section whose 
fibers are points of order p. We have a commutative diagram of algebraic stacks 



Ig(p) 




M 1 1 : ^ pl 

3 

where the map on the left maps is (£', z) i-> [E, 0), which is a cyclic Galois covering 
of degree p — 1, and the map on the right is {E,z) M> j{E), which has degree 
(p — l)/2. Note that the horizontal map of algebraic stacks has degree 1/2, and 
that the image of the j-map Ig(p)°'''^ — >■ A-"^ is precisely the ordinary locus on the 
j'-line. 
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This moduli problem has been first studied by Igusa For p > 3, the Igusa 
stack is representable by [1^, Corollary 12.6.3, and we shall assume p > 3 in 
this section. Abusing notation we write lg{p)°'^'^ for the corresponding algebraic 
curve, and denote by Ig{p) its normal compactification. Let 1/°'^'^ Ig(p)°'''^ be the 
universal elliptic curve, and U — )■ lg{p) be its Neron model. We now give a complete 
description of the universal curve around supersingular points. Let F — C'ig(p),,, be 
the function field of the Igusa curve. 



Theorem 10.1. Suppose p > b. Let x G Ig(p) be a supersingular point. Then 
a Weierstrass equation for Up over the completion at x & Ig(?'); well as the 
reduction type for Up and its Frohenius pullhack are as in the following table: 





P 


Weierstrass equation 


Up 


Up 





= — 1 mod 3 


= x-^ + t^p-^>^^x + t-^ 


11* 


II 


1728 


= — 1 mod 4 


y2 = a;-'^+i-ia: + t(P-7)/4 


III* 


III 


7^ 0,1728 


all p 


y2 ^ + at-^Px + {b + t(P-^)/2)t-3p 


15 


15 



Here t G Ci^(p) x suitable uniformizer, and the scalars a,b (z k in the last row 

are so that the elliptic curve = x^ + ax + b has j -invariant j{x). Moreover, the 

(p) 

rational p-division points in Up have nonzero specialization in the Neron model. 



Proof. Note that the entries for the Frobenius pullback Up are determined by 
those for U p and vice versa, according to Proposition 17.41 We now give a com- 
plete proof for the case j{x) = 0, the other cases being analogous and left to to 
the reader. So suppose j{x) = 0. Obviously, this j-value must be supersingular, 
whence p = —1 modulo 3. According to Proposition 19.41 there is an elliptic curve 
Ek over the function field K — k{{t)) of i? = with reduction type II* and 

Weierstrass equation as in the table. Moreover, the Frobenius pullback con- 
tains a rational p-division point whose specialization in the closed fiber of the Neron 
model is nonzero. Let ip : Spec{K) — >• lg{p) be the corresponding classifying mor- 
phism, such that Ek = U ®p K and E^^'' — Up^ (g) K. By the valuation criterion, 
the morphism extends uniquely to a morphism (p : Spec(i?) — > Ig(p)- By Igusa's 
result [To], Corollary 12.6.2 the morphism j : lg{p) — ?> is totally ramified over 
the supersingular values and hence the point x lies in the image of (p. We thus 
obtain an extension of discrete valuation rings R' C R, say with ramification index 
e > 1, where R' = C'ig(p),a;- We claim that e = 1. To see this, denote by > 2 the 
valuation of a minimal discriminant for Up^ at x. Since E^j^"^ has reduction type 
II, Lemma [10.21 below tells us that 2 = eiy, and whence e = 1. Since Neron models 
are preserved under extensions with ramification index e = 1, the curve Up has 
reduction type II* at x, and the statement about the specialization of the rational 
point on i?^-* follows in a similar way. □ 

We have used the following observation: Suppose R' C R is an extension of 
discrete valuation rings of arbitrary characteristic p > 0, with the same residue field 
k = R/mu = R' /van', and function fields K' C K. Suppose Ek' is an elliptic curve 
containing a rational p-division point. Set Ek — Ek' ® K, and let E Spec(_R) 
and E' Spec(i?') be the Neron models of Ek and Ek', respectively. 

Lemma 10.2. Suppose the rational p-division point on Ek' specializes into E'j^ , 
and that the induced point on Ek specializes into a nonzero element of E^ . Let v 
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and v' he the valuations of minimal discriminants for Ek and Ek' , respectively, 
and e > 1 be the ramification index of R C R' . Then we have v — ev' . 

Proof. Wc have ly = ei^' — 12c, where c > is the number of cycles needed in 
the Tate Algorithm before termination. Consider the canonical homomorphism of 
relative group schemes E' ®_r' R ^ E. If c > 1, then the connected component of 
the origin in E'^, is mapped to the origin in E^ , whence the rational p-division point 
on Ek specializes to zero, contradiction. □ 

It remains to determine the Neron model over the cusps of Ig(p), that is, the 
points where the j-invariant has a pole [10| . Section 8.6.3. 

Theorem 10.3. Suppose p > 3. Then the scheme of cusps o/Ig(p) is finite etale 
of length {p — l)/2 with a transitive action of the Galois group of j : lg{p) — > P^. 
The Neron model over a cusp of Ig(p) has multiplicative reduction of type Ii and 
its Frohenius pullback has multiplicative reduction of type Ip . 

Proof. Since the j-invariant has negative valuation. Up has potentially multiplica- 
tive reduction. If Up had additive reduction then we would have reduction of type 

for some £ > 1. However, this is excluded by CoroUarv 14.51 and Up has already 
multiplicative reduction. 

Let K = k{{t)) and q = t^. Then there exists an elliptic curve Ek over and a 
homomorphism K* -> Ek{K) with kernel q^, namely the Tate curve ([21], Chapter 
V, §3). In particular, t S K* maps to a rational p-division point of Ek and since 
h'{j) = —i'{q) = —p this elliptic curve has multiplicative reduction of type Ip. 

This curve is the Frobenius pullback of a curve induced from Up around a cusp 
X S Ig(p). Hence v{j{x)) = —1 for this cusp x, which implies that Up has multi- 
plicative reduction of type h at x. Hence j : Ig(p) is etale around x and since 
j is a Galois morphism the same is true for every cusp. In particular, the scheme 
of cusps is etale of length (p — l)/2 and Ji is the reduction type of the Neron model 
for every cusp of Ig(p). □ 

Let E be the Neron model of an elliptic curve Ek and assume that it has multi- 
plicative reduction. If there exists a rational p-division point on Ek then it gener- 
ates a group scheme G C E with generic fiber {'Z/pZ)k, which can specialize to ap 
or Z/pZ only. Since ~ Gm neither of these latter group schemes is contained in 
and so the rational p-di vision point specializes non-trivially into $fe. 

Remark 10.4. Note that Ulmer [23], Section 2 gave Weierstrass equations with 
coefficients in F for the universal curve Up, which rely on relations between Eisen- 
stein series and are of somewhat implicit nature. There it is also shown that the 
universal family over Ig(p) descends to the j-line if and only if p = —1 modulo 4. 
In this case, the reduction type of the Neron model of the descended family has 
been determined in loc. cit.. Section 6. It is interesting to note that the universal 
family over Ig(p) has good reduction over j = if p = 1 modulo 3, whereas the 
descended family acquires additive reduction. 

11. Elliptic curves with S — I 

The Igusa stack in characteristic two and three has entirely new features because 
wild ramification shows up. In this section we briefly recall some relevant facts 
from ramification theory and analyze the Galois representation on torsion points 
attached to elliptic curves whose wild part of the conductor is nontrivial yet as small 
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as possible, namely 6 = 1. These results will be applied to universal families over 
Igusa curves in the next sections. For more background on ramification groups, we 
refer to the monographs and [7^ and the survey article [31. 

Suppose k is an algebraically closed field of characteristic p > and set R = k[[t\] 
and K = k{{t)). Let K C L he a. finite Galois extension, with Galois group 
G = Gal{L / K) , and Rl C L he the integral closure of R. The higher ramification 
groups 

Go D Gi D G2 D . . . 

are defined as the subgroups Gi C G that act trivially on the i-th infinitesimal 
neighborhood Spec(i?_L/m^^). Then G = Go, the Gi C G are normal, Gi C G is 
the Sylow p-subgroup, and G/Gi is cyclic of order prime to p. Using the existence of 
Sylow subgroups in G for the prime divisors of [G : Gi], we infer that G ~ Gi x Gm 
for some integer prime to p. Here and throughout. Cm denotes a cyclic group of 
order m. 

Choose a prime I ^ p. The Swan representation P attached to the Galois group G 
is the projective Z/ [G]-module whose character is given by b{a) = — max {i \ a € Gi}, 
cr ^ e, and J2a£G ^(^) K ^ is a F;[G]-module, one defines an integer invariant 
d{V) = dimp, HomG(-P, V), which does not depend on the choice oi K <Z L. It also 
satisfies the formula 

(20) m^Y. ^/^"^ • 

Now let Ek he an elliptic curve and E he its Neron model. Choose a Galois 
extension K C L so that the Fj-vector space E[l]{L) becomes 2-dimensional. The 
invariant S = S{E[l]{L)) is called the wild part of the conductor. It does not depend 
on I. If Ex has additive reduction, Ogg's formula tells us i'{A) = 2 + S + (m — I), 
where m denotes the number of irreducible components in the closed fiber of the 
minimal model. 

By construction, the Galois group G comes along with a representation on the 
vector space E[l]{L), which we regard as a homomorphism G — >■ GL(2,F;). The 
linear G-action respects the Weil pairing ^ : E[l] x E[l] — > pi{K) in the sense that 
$(0°^, b'^) = hY . Since k is algebraically closed, the G-action on ^{K) is trivial, 
such that we have a factorization G — >■ SL(2,F;). We remark in passing that this 
factorization holds for Z = 2 without any assumption on k. Note that saying that 
G — > SL(2, ¥1) is surjective means that the scheme of nonzero /-torsion Ek[1] — is 
connected, and stays so under base extension as long as possible. 

It is often convenient to replace G by its image in SL(2,F;), such that K C L 
becomes the smallest Galois extension so that E[l]{L) is 2-dimensional. But it is 
useful to work with the general situation when it comes to base change: 

Lemma 11.1. Let K <Z K' be a field extension of degree d prime to p. Then the 
wild part of the conductor for the induced elliptic curve Ek' is 5' = dS. 

Proof. Enlarging L, we may assume that K C K' C L, and set G' = Gal{L/K'). 
Obviously G^ = G' fl Gi are the ramification groups for K' C L. By Puiseux's 
Theorem, K C K' is cyclic, hence corresponds to a surjection G — ?> Gd, whose 
kernel equals G', and contains Gi because d is prime to p. We conclude G^ = Gi 
for z > 1, and the statement follows from Formula ([20l) . □ 

Lemma 11.2. Let K C K' be a finite and purely inseparable field extension. Then 
the wild part of the conductor for the induced elliptic curve Ek' is 5' = 5. 
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Proof. Choose a i?i<--algebra generator x G Rl- Given cr G G we have cr e Gi if 
and only if VLi^ix) ~ x) > i + 1 by 18 , Chapter IV, §1, Lemma 1. Recah that 
K — k{{t)) so that K' — K^^^ for some n > 1. It suffices to treat the case 
n — 1. Then L' — L ®k K' and a straightforward argument shows that x^^'^ is a 
-algebra generator of Now 

i^L'{^{x^'n - x'^n = -'^L'Hx) " x) = ^i^lHx) - x). 
p p 

Using this equation we conclude that the higher ramification groups and their 
indices for L/K and L'/K' coincide. The statement now follows from Formula 
(EOl)- □ 

The group SL(2,F2) = GL(2,F2) has order 6, consequently S = ior character- 
istic p > 5. For the rest of the section, we work in characteristic two and three and 
examine the Galois representation G — > SL(2,F;) for elliptic curves with S — 1. 

We start with the case p = 3 and choose 1 = 2. Note that the action on P^(F2) 
gives a bijection GL(2, F2) S3, and these groups are isomorphic to the nontrivial 
semidirect product G3 xi G2. Let Ek be an elliptic curve, and choose a Galois 
extension K C L so that E[2]{L) becomes a 2-dimensional F2-vector space. Let 5 
be the wild part of the conductor for Ek and g be the order of the Galois group 
G = Ga\{L/K). 

Proposition 11.3. If 5 =1, then the homomorphism G SL(2,F2) is surjective. 
If moreover 9 \ g, then G is isomorphic to the nontrivial semidirect product G = 
G3 X Gg/3, and the ramification groups are Go = G and Gi = . . . = Gm = G3 and 
Gm+i — 1 with m = g/6. 

Proof. Suppose that the homomorphism in question is not surjective. Replacing G 
by its image, we may assume that G C SL(2,F2) is a subgroup. If g is prime to 
p = 3 then 6 = 0, contradiction. Suppose g = S. Since each matrix in GL(2,F2) 
of order three is conjugate to ( 5 1 ), we have E[2]{L)'~^^ = for every nontrivial Gi, 
and Formula (|20)) yields 1 = S > 1/1 ■ 2, again a contradiction. We conclude that 
G SL(2,F2) is surjective. 

Now suppose that 9 \ g, so that Gi = G3 is the unique Sylow 3-subgroup. Then 
G = G3 XI Gg/3 is a semidirect product, which must be the nontrivial one because 
G GL(2, F2) is surjective. It remains to determine the orders of the ramification 
groups: We have go = g and ffi = 52 = • • ■ = 5m = 3 and gm+i = 1 for some m > 1. 
Formula (PO)) yields 6 = m ■ ■ 2, and the result follows. □ 

Now choose a Weierstrass equation + aixy + a^y = x^ + a2X^ + a^x + ae for 
the elliptic curve Ek, and let K C K' be the field extension obtained by adjoining 
a root of the cubic x^ + (a^ -I- a2)x'^ + (04 — aia3)x + (a§ -I- ag). 

Corollary 11.4. Notation as above. If the elliptic curve Ek has S = 1, then 
K C K' is a non- Galois extension of degree three, the induced elliptic curve Ek' 
has S' = 0, and the ¥2-vector space E[2]{K') is 1- dimensional. 

Proof. We may chose X C L so that its Galois group is G = GL(2,F2), by Proposi- 
tion 111.31 By the inversion formula ([20], III. 2. 3.) the scheme of nonzero 2-torsion 
on Ek is given by ?/ = aicc -I- as together with the Weierstrass equation, whence by 
the cubic in question. The Galois correspondence implies that K' d L, and that 
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K ^ K' in non-Galois of degree three. Using that K' d L has degree two, we infer 
that (5' = and that E[2\{K') is l-dimensionaL □ 

For the rest of this section we work in characteristic p = 2 and choose 1 = 3. 
This case is more chahenging. To start with, let us briefly recall some well-known 
facts on the group SL(2,F3). We have a commutative diagram 

1 > 6*2 > GL(2,F3) > Si > 1 




1 > C2 > SL(2,F3) > Ai > 1 

I I 

1 > C2 > Q y V > 1, 

where GL(2,F3) S4 is given by the action on PHF3). The group F C ^4 is 
the Klein four group, and Q = {±1, ±i, ±j, i/c} is the quaternion group. Its six 
elements of order four correspond to the traceless matrices in SL(2,F3). 

Since A4 = V yi it follows that C is the commutator subgroup, and 
Si/V = S3 implies that A4 C ^4 is the commutator subgroup. Using that — 1 S Q 
is a commutator, wc infer that 1 C C2 C Q C SL(2,F3) C GL(2,F3) is the derived 
series. Let us depict the lattice of subgroups in SL(2,F3): 



SL(2, F3) Q 




The normal subgroups in SL(2,F3) are precisely 1 C C2 C Q C SL(2,F3). Note 
that the Cg C SL(2,F3) are the four Borel subgroups, that is, conjugate to the 
group (0 * ). 

Now suppose Ek is an elliptic curve. Choose a Galois extension K C L so 
that Ek[S\{L) becomes 2-dimensional, and let G = Gal{L/K) SL(2,F3) be the 
associated representation on Ek[3]{L). The lattice of subgroups in SL(2,F3) is 
related to a Weierstrass equation + aixy + a^y = + a2x'^ + a^x + ag as follows: 
The subgroups Cq C SL(2,F3) correspond to the field extensions of K obtained 
by adding one of the four roots of the quartic x"^ + b2X^ + h^x^ -\- b^x + bs, which 
defines the x-coordinate for one of the four lines of points of order three (compare 
with the duplication formula [ID], IIL3.2.). The normal subgroup Q C SL(2,F3) 
corresponds to the Galois extension of K obtained by splitting the resolvent cubic 
x^ + bix^ + b2b(,x + b\bg, + b\ (compare [11], Section IILIS). Note that the quartic 
has Galois group contained in V = Q/G2 after splitting the resolvent cubic. The 
normal subgroup C2 corresponds to splitting the quartic. The inclusion 1 C C2 
finally corresponds to adding the y-coordinates of the 3-torsion points. 
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Proposition 11.5. Suppose the elliptic curve Ek has (5=1. Then G — > SL(2,F3) 
is surjective. If moreover 16 \ g, then G is isomorphic to the nontrivial semidirect 
product Q X Cg/g, and the ramification groups are Gq = G and Gi = ... ~ Gs — Q, 
Gs+i = . . . = Gss = G2 with s = (7/24 and Gm = 1 for m > 1 + g/8. 

Proof. For the first statement, we may assume G C SL(2,F3), and our task is to 
show that G has order g — 2A. Note first that 2 \ g, because otherwise S — 0. 
We observe that ( °^ ) S Gi and whence E[3]{L)^' = for every nontrivial Gi. 
Second, we have 3 | g. Otherwise G would be a 2-group, and Formula (|20|) gives 
S > 1/1-2, contradiction. Third, we have 5^6. Otherwise the orders of the 
ramification groups are gi = . . . = gm — 2 and gm+i = 1 for some to > 1, and thus 
S = m ■ 1/3 • 2, contradiction. Fourth and last, we have g 7^ 12, because SL(2,F3) 
contains no subgroup of order 12; such a group would be normal, and whence define 
a splitting for SL(2,F3) — )> A4, which is absurd. Thus, G is equal to SL(2,F3). 

Let us determine the higher ramification groups for the special case G — SL(2, F3). 
Since C4 is not normal in Q, it cannot be among the ramification groups. We obtain 
Gi = Q, G2 = G3 = C2 and Gm = 1 for to > 4 as in the proof for Proposition lll.3l 

Now let G be arbitrary with 16 | g and denote by G' the kernel of the surjective 
homomorphism G — > SL(2,F3). The lower filtration on ramification groups does 
not behave well with respect to passing to quotients. But the so-called upper 
filtration G^ = G^f^,) has precisely the property {G/G'Y — G^G' /G', see ^ 
Section IV. §3, Proposition 14. Here : [0, cxd] [0, 00] is a convex piecewise linear 
homeomorphism called the Hasse-Herbrand function. Its inverse ip : [0, 00] — > 
[0, 00] can be defined in terms of the indices of the ramification groups by 

(^(x) = l/[Go : Gi] + . . . + l/[Go : G„] + (x - n)/[Go : G„+i], n<x<n + l. 

Knowing the ramification groups oiG/G' = SL(2, F3) already, and using the Hasse- 
Herbrand function, one computes the desired ramification groups for G as in the 
statement. □ 

We now can compute the behavior of the wild part of the conductor under base 
changes contained in L: 

Proposition 11.6. Suppose the wild part of the conductor for Ek is 5 — 1. Let 
G' C SL(2,F3) he a subgroup, and K' C L be the fixed field of the preimage of G' in 
G. Then the wild part of the conductor for the induced elliptic curve Ek' is given 
by the following table: 



G' 


SL(2,F3) 


Ge 


Q 


G4 


G3 


G2 


1 


6' 


1 


2 


3 


4 





6 






Proof. We may assume G = SL(2,F3). The ramification groups for G' are G- = 
G' n Gi , and the statement follows by an elementary computation from Proposition 
111.51 together with the formula (|20|) . Consider, for example, the case G' = G4. 
Then we have Gq = G4 and G[ = G4, Gj = Gg = G2 and G4 = 0, consequently 
5' = 1/1 -2 + 1/2- 2 + 1/2-2 = 4. □ 

Now let G' C G C SL(2,F3) be two subgroups so that G' C G has index two. 
Then the extension of fixed fields F C F' is cyclic of degree two. Let Rp C Rp' 
be the corresponding extension of discrete valuation rings. To control Weierstrass 
equations, it will later be useful to express the uniformizer of Rf in terms of the 
uniformizer of Rf' . Luckily, the situation is as simple as possible: 
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Proposition 11.7. Suppose that Ek has 6 = 1, and let u e Rp be a uniformizer. 
Then there is a uniformizer s £ Rf' and a nonzero scalar A € A; with u — s^/(A — s). 

Proof. The isomorphism class oi F C F' corresponds to an element from the co- 
homology group H^{F,'Z/2Z) = F/p{F), p{g) = — g, which we identify with 
the group of odd polynomials / in u~^. Let / = Ai_2nW^~^" + ... + A_iu~^ 
be the odd polynomial for F C F' , with n > 1 and Xi-2n 7^ 0. Then Rp' — 
i?i?[s]/(s^—w"s—u^"'/), and the Galois involution is s H> s+m". Since w = s^+0(3), 
the ramification groups for G/G' are 

(G/G')o = . . ■ - (G/G')2„-i - C2 and (G/G')2« = 1. 

We have to show n = 1, or, equivalently (G/G')2 = 1. As explained in the proof of 
Proposition 1 11 . 5"| we have to pass to the upper filtration and determine the Hasse- 
Herbrand function. In our situation, the Hasse-Herbrand function for G/G' has a 
unique break point at x = 2n — 1. 

We now make the computation in the case G — G4, G' — G2, and leave the 
other cases to the reader. By Proposition 1 11.5[ the ramification groups for G are 
Go — Gi, Gi = G2 = G3 G2 and G4 = 1. We infer that the Hasse-Herbrand 
function for G/G' has its break point at a; = 1, and consequently n ~ 1. □ 

12. The Igusa curve in characteristic three 

In this section, we shall analyze the the Neron model U — Ig(3) and the resulting 
possibilities for rational points of order three with nonzero specialization in the 
Neron model. First note that the j-map j : Ig(3) having degree 1 = (3 — 1)/2, 

is an isomorphism. Second note that there is only one supersingular point x € Ig(3), 
which has j-value j{x) = 0. So we may identify Ig(3)°'''^ = — {0} = Spec(A), 
where A = k[t^^] is the ring of Laurent polynomials, and t is a uniformizer at j — 0. 
Since Pic(A) = 0, the universal elliptic curve 1/°'^'^ must admit a global Weierstrass 
equation over A: 

Proposition 12.1. The universal elliptic curve C/™"^ has as global Weierstrass 
equation + xy — x^ — 1/t over A. At the supersingular point x £ Ig(3); the 
reduction type is 11*, the valuation of a minimal discriminant is i^(A) = 11, and 
the wild part of the conductor is 6 = 1. 

Proof. The given Weierstrass equation has j-invariant j = t and discriminant 1 /t. 
Whence it differs from the universal elliptic curve by a quadratic twist. Using 
inversion and duplication formula, we see that the Frobenius pullback y^ + txy — 
— admits a rational point of order three, namely x = t, y = Q. Since a 
nontrivial quadratic twist destroys this rational point, we conclude that U°^'^ is 
actually given by this Weierstrass equation. The remaining statements follow from 
the Tate Algorithm and Ogg's Formula. □ 

Remark 12.2. The universal curve over Ig(3) has already been determined in [23], 
Proposition 2.3. For the sake of completeness we decided to include a proof in our 
setup. 

Now set R — k[[t\\ and consider the induced elliptic curve Uk over K = k{{t)). 
Since 6 = 1, our results form the preceding section apply. The goal now is to 
construct elliptic curves so that the rational points of order three on the Frobe- 
nius pullbacks have nonzero specialization in the Neron model. We can compute 
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the behavior of Uk' — Uk ® K' for various base changes K C K' of successive 
degrees d = 2, 3, 5. using Lemma [11.11 and Proposition II 1.61 Our findings are best 
summarized in a family tree: 

JJ* Fr JY* Fr \\ 



11,1 9,1 ^3,1 




IV* III* II IV III IV IV III* 

10,2 9,0 7,5 6,2 3,0 9,5 6,2 9,0 




8,4 6,0 12,4 6,0 12,4 6,0 

Here the two numbers below the Kodaira symbols denote the valuation of a minimal 
discriminant J^(A) and the wild part of the conductor 5, and the 3 : 1 extensions are 
obtained by adjoining the root of the cubic +t^x'^ — (compare Corollarv lll.4p . 
Note that s — /x, which satisfies the integral equation — ts — t or equivalently 
t = s^/{s + 1), is a uniformizer for the corresponding discrete valuation ring. 

It turns out that the rational 3-division points occurring in the Frobenius pull- 
backs have nonzero specialization in the Neron models. To verify this, we compute 
the minimal Weierstrass equations for the Uk' — Uk ® K', using the substitutions 
t = t'^,t = t'^ ort = t'V(l + t'): 



minimal Weierstrass equation 




5 


type 


3 


y'^ + txy = x'^ —t^ 


11 


1 


II* 


t 




+ txy = x^ — 


10 


2 


IV* 






y"^ + txy — x^ —t^ 


8 


4 


IV 


t4 




y^ + txy — x'^ — t 


7 


5 


II 


t^ 




y2 _|_ ^j.y ^ 2-3 _ ^3(^1 _^ ^-j 


9 





III* 


t3/(l4 




y"^ + txy ~ x^ — t^x 


6 





T* 
^0 


tV(l4 




y'^ + txy + i^y = 


9 


1 


IV* 






y^ + txy + ty — 


6 


2 


IV 






y^ + t^xy + t^y = x^ 


12 


4 


IV* 






y^ + t^xy + ty = x^ 


9 


5 


IV 






y^ + txy + (1 + t)y — x^ 


3 





III 


t7(l4 


^tr 


y2 + t'^xy + (1 + t'^)y = x^ 


6 





T* 
^0 


tiV(i 




y^ + txy + y = x"^ 


3 


1 


II 


t« 




y"^ + t^xy + y — x'^ 


6 


2 


IV 






y^ + t'^xy + y = x'^ 


12 


4 


IV* 


^36 




y"^ + t^xy + y = x-^ 


15 


5 


II* 


^45 




y"^ + t^xy + (1 + tfy = x^ 


9 





III* 






y"^ + t^xy = x'^ — t^x 


6 





T* 
^0 


t^V[i 





For such families, it is easy to determine the specialization behavior of points of 
order three: 

Proposition 12.3. Let Ea be an elliptic curve over an arbitrary ring A of charac- 
teristic three. Then Ea admits a section whose fibers are rational 3-division points 
if and only if it admits a global Weierstrass equation of the form y^-\-aixy-\-a^y — x'^ 
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for some units ai,a3 G A. One such section of order three is then given by 
X ^ y = 0. 

Proof. The condition is necessary, because the Frobenius puUback of U°'"^ admits 
the Weierstrass equation y^ + txy + t^y = . The sufficiency fohows from the 
duphcation and the inversion formula. □ 

As an immediate consequence: 

Corollary 12.4. Suppose y^ + aixy + a^y — x^ is a minimal Weierstrass equation 
with nonzero 01,03 G R. Then the rational 3-division points on Ek have nonzero 
specialization in the closed fiber of the Neron model. Moreover, we have 03 G mn 
if and only if the rational 3-division points have nonzero class in 

Proof. Clearly, the point z — (0, 0) G Ek of order three does not specialize to 
infinity in the Weierstrass model, whence has nonzero specialization into the Neron 
model. Moreover, z has nonzero class in $fc if and only if it specializes into the 
singularity of the Weierstrass model. The latter is given by x = 0, y = —03, and 
the result follows. □ 

Examining our table above, we obtain the following result: 

Theorem 12.5. For the Kodaira symbols II, 11*, III, III*, IV, IV*, I^, there is an 
elliptic curve Ek containing a rational i- division point with nonzero specialization 
in Ek and the given reduction type. For IV and IV* , there are such examples with 
nonzero specialization in and examples with zero specialization in 

We close this section by discussing the elliptic curves 

which contain a rational 3-divsion point. They are obtained from the Frobenius 
puUback of the universal elliptic curve by the base change of degree 2". Let J^(A) 
be the valuation of a minimal discriminant for En^K 

Proposition 12.6. If n is odd, then t^(A) = 2" + 4 and the reduction type of En k 
is IV. If n is even, then i'(A) = 2" + 8, and the reduction type is IV*. In any case, 
5 = 2", and the rational 3-division points have nonzero specialization in <I>j,. 

Proof. We have S = 2" by Lemma [11.11 Suppose n is odd. Then 3 | 2"+^ — 1, and 
Ek is given by the integral Weierstrass equation y^ + {^"^^'^"^^^^"f^^xy + ty — x^, 
whose discriminant has valuation 2" + 4. Ogg's Formula implies that the latter 
Weierstrass equation is minimal, and that the reduction type is IV. Corollarv ll2.4l 
shows that the rational 3-division points have nonzero class in The argument 
for n even is similar. □ 

We see that the property of having a rational 3-division point with nonzero class 
in ^k can be preserved under base changes of arbitrarily large degree. 

13. The Igusa stack in characteristic two 

In this section, A = k[t^^] denotes the ring of Laurent polynomials over an 
algebraically closed field k of characteristic p = 2. We shall analyze the Igusa stack 
Ig(2) Spec(A), and in particular the reduction types of tautological families. 
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Here a family of elliptic curves Ea over A is called a tautological family if j(£'yi) — t. 
For example, the Weierstrass equation 

(21) y"^ + xy = + a2x'^ + t~^ 

has j-invariant j — t and discriminant A = 1/t, and hence yields a tautological 
family. Note that this is independent of the coefficient a2 G A. 

When we regard a tautological family as an object in the Igusa stack, we also 
call it a tautological object. The existence of tautological objects shows that the 
{±l}-gerbe Ig(2) Spec(A) is trivial, that is, isomorphic to the classifying stack 
i3(Z/2Z). In some sense, tautological objects are the best replacement, in a stack 
theoretical context, for the universal object. To understand the set of tautological 
objects, consider the map 

T : A — > Ig(2)A, 02 i — > E -.y"^ + xy ^ x^ + a2X^ + t"^ 

from the group of polynomials into the set of tautological objects of the Igusa stack. 
Let Aodd C A be the vector space of all odd Laurent polynomials. 

Proposition 13.1. The map t induces a bijection between the group Aodd of odd 
Laurent polynomials and the set of isomorphism classes of tautological objects in 
the stack Ig(2). 

Proof. Consider the additive map p : A A, / H> — /. Using that k is 
algebraically closed, we easily see that the canonical projection 

Aodd H\A^Z/2Z) = A/p{A) 

is bijective. To proceed, let Ea be the tautological family given by the Weierstrass 
equation ([2T|). It remains to see that given 02 £ ^oddj the corresponding quadratic 
twist of Ea is given by the Weierstrass equation y"^ + xy = x^ + a2X^ + 1~^. We 
sketch the argument: The sign involution acts on Ea via y t-^ y + x, and the Galois 
involution acts on A[it]/ (m^ — u — 02) via w 1— > u + 1. Whence y' = y + xu and x' = x 
are invariant under the diagonal action, and indeed yield the desired Weierstrass 
equation. □ 

Our next task is to determine the reduction types at t = 0. Let 02 G ^odd be 
an odd Laurent polynomial, and write its vanishing order at t = in the form 
^^(02) — —'2d — 1. In other words, we have 

a2^t-^'^-'f^ 

for some integer d and some polynomial / G fc[t] that has nonzero constant term or 
is the zero polynomial. In the latter case we take it that d = —00. 

Proposition 13.2. Let Ea be the tautological family y"^ + xy = x^ + a2X^ + t^^ . 

(i) If d < 0, then the reduction type of Ea at t = is II*, the valuation of a 
minimal discriminant is i^(A) = 11, and the wild part of the conductor is 
5 = 1. 

(ii) If d > 0, then the reduction type at t ~ is Ig(;_|_3, the valuation of a 
minimal discriminant is i^(A) = 12(i+ll, and the wild part of the conductor 
is S = Ad + 2. 

Proof. We may replace the ring of Laurent polynomials by the field of formal Lau- 
rent series K = k{{t)). Suppose that d < 0, such that 02 G k[[t]]- Since all power 
series vanish in iJ^(_ftr, Z/2Z) — K/p{K), p{f) — f"^ — f ^ we may as well assume 



38 



CHRISTIAN LIEDTKE AND STEFAN SCHROER 



that 02 — 0. Then + txy ~ + is a, minimal Weierstrass equation for Ek, 
and statement (i) immediately follows from the Tate Algorithm. 

Now suppose c? > 0. Then / G k[[t\] is a unit; set g = 1//. Starting with the 
original Weierstrass equation, we make the substitution x = {gt'^'^^)~'^ x' + gf^, and 
obtain a new Weierstrass equation 

y2 + igt''+')xy + {gH^^+^)y ^ x^ + {t + gh'"'+^)x^ + {gh^^+^)x + (/t^'^+S). 

The coefhcients of this Weierstrass equation satisfy the assumption of Lemma [13.61 
below, which tells us that the last Weierstrass equation is minimal, and that the 
reduction type is Igf^+a. The remaining statements follow from Ogg's Formula. □ 

We next consider Frobenius puUbacks of our tautological families: 
Proposition 13.3. Let Ea be the tautological family y'^ + xy — x'^ + a2X^ + t~^ . 

(2) 

Then the 2-torsion section on the Frobenius pullback E\ has nonzero specialization 
in the component group at t — 0. Moreover: 

(i) If d < Q, then the reduction type is 111* , the valuation of a minimal dis- 
criminant is v{/S) = 10, and the wild part of the conductor is 5 = \ . 
ill) If d > 0, then the reduction type is Ig^^2' valuation of the minimal 
discriminant is J^(A) = 12d + 10, and the wild part of the conductor is 
6 = Ad +2. 

Proof. To check (i), it suffices to treat the case 02 = 0. Then the Weierstrass 
equation y^ + txy = x^ +t^ for E'^-' must be minimal, because J^(A) — 10, and the 
result follows from the Tate Algorithm. 

We next verify (ii). The Weierstrass equation for the Frobenius pullback is 

y^+xy^x^ + fH^^-^^-'^x^+t-^. 

Again we may replace the ring of Laurent polynomials by the field of formal Laurent 
series K = k{{t)), and set g = 1//. Applying successively the substitutions 

y^y' + fH-^'^-^x and x = {gf^+^^^x' and y ^ y' + gV'^+^, 

we simplify the coefficient of x^, make the Weierstrass equation integral, and remove 
the constant term, respectively. The outcome is the new Weierstrass equation 

y^ + gt^+'xy = x^ + tx" + t^^+^g^x. 

Now Lemma [13.71 below yields (ii). 

It remains to prove the statement about the section of order 2. Using that all 
our minimal Weierstrass equations have 03 = ag = 0, we infer that the section of 
order 2 is given by x — y — 0, and hence specializes into the singularity of the 
Weierstrass model. It follows that its specialization into the component group 
of the Neron model is nontrivial. □ 

Our final task is to compute the reduction types at i = 00. Changing notation, 
we write the vanishing order of 02 at i = 00 in the form 1^(02) = —2d — 1 for 
some integer d. In other words, we have 02 — i^d+iys j-q^. gQj-Qg integer d and some 
polynomial / G that has nonzero constant term or is the zero polynomial. 

Proposition 13.4. Let Ea be the tautological family y^ + xy — x'^ + a2X^ + t^^ . 
(i) If d < 0, then the reduction type of Ea at t = 00 is li, the valuation of a 
minimal discriminant is i^(A) = 1, and the wild part of the conductor is 
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(ii) If d > 0, then the reduction type at t = oo is Igjj^^s, the valuation of a 
minimal discriminant is i^(A) = 12rf+13, and the wild part of the conductor 
is S = 4d + 2. 

Proof. The arguments are as in the proof for Proposition 113.21 In case d > 0, one 
has to use the substitution x — {gt^'^~^)~'^x' + gt~'^~^ , where g = f^^, which yields 
the minimal Weierstrass equation 

2/2 + gt-^-'xy + gH-^^S + + gH'^''~^)x' + gH'^^-^x + g^t-^^-\ 

and Lemma [13.61 yields the result; details are left to the reader. □ 

With the techniques presented in the proofs of Proposition ll3.4l and Proposition 
113.31 we obtain: 

Proposition 13.5. Let Ea he the tautological family y'^ + xy — x^ + a2X^ + . 

(2) 

Then the 2-torsion section on the Frobenius pullback E\ has nonzero specialization 
in the component group at t — oo. Moreover 

(i) If d < 0, then the reduction type is I2, the valuation of a minimal discrim- 
inant is J^(A) = 2, and the wild part of the conductor is S = 0. 

(ii) If d > 0, then the reduction type is Ig^^g, the valuation of a minimal 
discriminant is t^(A) — I2d + 14, and the wild part of the conductor is 
6 = M + 2. 



We summarize our results about tautological families in the following table 



around t 


d 


Ea 

j/(A) S type 


j/(A) 6 type 


t = 


< 
> 


11 1 //* 
12d+ll 4d + 2 /g*^+3 


10 1 ///* 
12d +10 4d + 2 7*^+2 


t = 00 


< 
> 


1 h 

12d +13 4d + 2 /g*^^5 


2 I2 
12d +14 4d + 2 /g*^_^g 



In particular, we see that reduction of type /* plays a special role. Note that in 
characteristic p > 3 this type of reduction does not appear at all if the Frobenius 
pullback has a rational p-division point by Corollary 14. 51 We will come back to this 
point in Section [TSl 

We end the section by the following two technical observations, which are very 
useful in handling reduction type 1^*, and have been used in preceding proofs: 

Lemma 13.6. Let Ek be an elliptic curve with Weierstrass equation y^ + aixy + 
o-zTJ = x'^ + a2X^ + a^x + ag. Set n — ^{a^), and assume 

i^(ai) ^ 1; 1^(0,2) = Ij fT- — ^^(03) ^ 2, ^{0,4) > n, and i^(ag) > 2n — 1. 

Then the Weierstrass equation is minimal, and Ek has reduction type l2n_3- 

Proof. The Tate Algorithm reveals that the Weierstrass equation is minimal and 
has reduction type I^ for some ^ > 0. To determine I, one first blows up the ideal 
{x,y,t), which defines the reduced singular point, and then the ideal {y/t,t), which 
defines the reduced fiber. In the chart with coordinate x/t,y/t'^,t, the Weierstrass 
equation transforms into 

tiy/t^f + aiix/t){y/t^) + t-^asiy/t^) = t\x/t)^ + t-^a^x/t) + t^^ag, 
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8,2 



IV 

4,0 



and the reduced fiber becomes a configuration of 4 copies of with intersection 
graph Z?4, containing one rational double point. To proceed, one successively blows 
up the ideals 

{x/t.t), {y/t\t), {x/t\t), {y/t\t), ... {y/e-\tl {x/e-\t). 

In other words, one blows up reduced fibers 2n — 3 times. In all but the last blowing 
ups this introduces on additional copy of into the fiber, whereas the last blowing 
up adds two disjoint copies of P"'^. In each blowing ups, the coefficients a'^ of the 
successive equations acquire factors, which are given by the following table: 



coefficients 


a[ 


03 


a'2 


04 




blowing up of {x/f,t) 
blowing up of {y/t^^^ ,t) 


1 
1 


l/t 
1 


t 

lit 


1 

lit 


lit 

lit 



According to our assumptions on the original coefficients a^, it is indeed possible 
to carry out the sequence of blowing ups. After the last blowing up, the resulting 
scheme is regular, and we infer that the reduction type of is I;*, where the 
number of irreducible components is 4 + (2?! — 4) + 2 = 2n - 
/ = 2n- 3. 



and therefore 
□ 



Similar arguments yield the next result, whose proof is left to the reader: 

Lemma 13.7. Let Ek be an elliptic curve over the field K with Weierstrass equa- 
tion y^ + aixy + a^y ~ x'^ + a2x'^ + a^x + ag. Set n — v{a4), and suppose that 

i^io^i) > I7 ^^(02) = 1, i^io^z) > 1, n ^ vidi) > 2, J^(a6) > 2n — 1. 

Then the Weierstrass equation is minimal, and Ek has reduction type l2n-4- 

14. Other reduction types in characteristic two 

We continue to work in characteristic p = 2, with R = k^t\\ and K = k{{t)). In 
this section, we shall construct elliptic curves whose Frobenius pullbacks have vari- 
ous reduction types and whose rational 2-division point has nonzero specialization. 



The starting point is the tautological curve Ek given by y 



xy 



t- 



which has minimal Weierstrass equation y + txy 



t^, numerical invariants 



i^lS) = 11, S = 1, and reduction type II*. Applying the results from Section [TTl we 
now examine various pullbacks for successive field extensions of degree d = 2, 3, 4, 5. 
We depict our relevant findings in a family tree: 




ir 

11,1 



^0 

9,3 



II 

6,4 



Fr 




III* 

10,1 




3:1 




III 

6,3 



II* 

20,10 



IV* 

8,0 




III 

6,3 





2:1 







Here the two numbers below the Kodaira symbols denote the valuation of a minimal 
discriminant J^(A) and the wild part of the conductor i5. The quadratic extensions 
are given hy t = s^/(l — s), and the quartic extension is given by adjoining one root 
of the quartic a;^ + t^x^ + which defines the a;-coordinate for one line of points 
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of order three on Ek- Note that s = t'^/x, which satisfies the integral equation 
s* + ts + t = Q 01 equivalently t — s'*/(l — s) is a uniformizer for the corresponding 
discrete vahiation ring. 

The behavior of 6 follows from Proposition ll 1 . Il except for the branches starting 
with an initial base change of degree two; for those, 6 must be computed via the Tate 
Algorithm. We now can tabulate the minimal Weierstrass equations for the induced 
eUiptic curves Ek' = Ek K' , using successively the substitutions t = t'^ /{I — t'), 
t = <'^ i = t'V(l - t'), and i = <'5: 



minimal Weierstrass equation 


i/(A) 


(5 


type 


3 


y'^ + txy = x'^ +r 


11 


1 


ir 


t 


+ txy = a;'^ + r(l + t) 


8 


2 


IS 


tV(i + t) 


+ t'^xy + t*y = x-^ + t-^ 


16 


10 


15 


t /(I + i ) 


y + txy + ty = x'^ + X" + tx + 


4 





IV 


18//-1 iX*?/-! . i9\ 

<V(i + ^) (1 + ^ + ^ ) 


y^ + txy = x^ + 


9 


3 


IS 


< 


y2 + txy + + tf 


6 


4 


II 




y2 + txy ^x^ + + t) 


10 


1 


iir 


tV(i + t) 


+ txy = x'^ + tx + t^ 


6 


3 


III 


tV(l + t3) 


y^ + txy — X"'' + t^x 


10 


1 


iir 




y2 + txy = a;''' + (1 + t)x 


4 


2 


II 




+ t^xy = + (1 + t'^)x 


20 


10 


ir 


t47(l + t5)2 


y2 + t^xy = + (1 + tf{l + t^)x 


8 





IV* 


tiV(l+i)^(l + ^ + i')' 


y^ + txy = x^ + tx 


6 


3 


III 




+ t^xy ^ x^ + t^{\ + tfx 


12 


4 


I2 




+ txy = x'^ + t^x 


8 


1 


11 




y2 + t^xy — x'^ + t^x 


12 


8 


^ 




y^ + txy — x'-^ + i^x 


8 


1 






y^ + t^xy = a;^ + (1 + t^)x 


8 


2 


IS 




y^ + t^xy + t'^y ^ x^ + t^x^ + fx + 


16 


10 


IS 


t87(l+t20) 


y^ + t^xy + ty = x^ + t^x"^ + t^x + i"* 


4 





IV 


t32/(l+t)12(l+t + <2)4 


y^ + t^xy — x'^ + t^x 


12 


3 


IS 


tl2 


y2 + t^xy = a;3 + (1 + tfx^ 


12 


4 


IS 


t24/(l+t)12 


y2 + txy = x^ + (1 + t^)x 


4 


1 


III 




y2 + t^xy = a;3 + (1 + t^jx 


12 


3 


iir 


t2V(l+tl2) 



For most of these curves, it is easy to determine the behavior of the rational 
2-division point. As in Section [121 one proves: 



Proposition 14.1. Let Ea be an elliptic curve over an arbitrary ring A of char- 
acteristic two. Then Ea admits a section whose fibers are rational points of order 
two if and only if it admits a global Weierstrass equation of the form y^ + aixy = 
x^ + a2X^ + 04a; for some oi, 03, 04 S A with ai, 04 invertible. The section of order 
two is then given by x = y — 0. 

Corollary 14.2. Suppose y2 aia;y = x'^ + 02^2 + a4a; is a minimal Weierstrass 
equation with nonzero 01,04 G R. Then the rational 2-division point on Ek has 
nonzero specialization in the closed fiber of the Neron model. Moreover, we have 
04 G vdR if and only if this rational point has nonzero class in 
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Theorem 14.3. For all additive Kodaira symbols, there is an elliptic curve Ek 
containing a rational point of order two with nonzero specialization in Ek and having 
the given reduction type. For the Kodaira symbols III, III*, I;*, Z > 0, there are such 
examples where the specialization has nonzero class in ^k, and examples with zero 
class in 

Proof. For the Kodaira symbols II, II*, III, III*, IV*, the desired examples appear 
in the table above. To achieve IV, consider the elliptic curve 

2/^ + txy = + 022;^ + (1 + t)x. 

This has reduction type II for 02 — 0. For 02 = t, the Tate algorithm shows that 
the reduction type is IV, with i^(A) — 4 and (5 = 0. 

It remains to treat the cases I;* . Lemmas 113.61 and 113.71 easily give the following 
examples, where n > 2: 



minimal Weierstrass equation 


type 


2-torsion 


y^ + f^-^xy + t"-i(l + t)y = x^ + t{l + t + t"-'^)x^ + t"(l + t)x 


T* 
T* 


(0,0) 
{l + t,{l + tf) 


y2 fl-l^y _^ ^Uy ^J^^^ ^^-^ 

+ t"^xy + i"(l + t)y ^ x^ + tx^ 


T* 

^2n-3 
T* 


{t,0) 

(l + t.l + t) 



□ 



15. SeMISTABLE REDUCTION IN CHARACTERISTIC TWO 

Let i? be a henselian discrete valuation ring of characteristic p > 0, whose residue 

field k = R/m.R is algebraically closed, and with field of fraction R C K. Let Ek 

(v) 

be an elliptic curve with additive reduction so that Ej^ has a rational p-division 
point. If p > 3 then we have seen in Theorem 14.31 and in Section [12] that Ek has 
potentially supersingular reduction. Although this is not true in characteristic 2, we 
see that only additive reduction of type /j* is possible if the curve is not potentially 
supersingular. 

Proposition 15.1. Let p — 2 and let Ek be an elliptic curve with additive and 
potentially ordinary reduction. We denote by i'(A) the valuation of a minimal 
discriminant and by S the wild part of the conductor. Then there is an integer 
d > and 



Ek 

i^(A) S type 


Ek 

i/(A) S type 


12d+12 Ad + 2 


12d+12 Ad +2 11^^^ 



and the rational 2-division point on Ej^ has nonzero specialization into '^k- 

Proof. We may and will assume R — k[[t]]. Since Ek has potentially ordinary 
reduction, its j-invariant j = j{EK) lies in R^ and Ek itself is ordinary. In 
particular, Xk : y"^ + xy ^ x"^ + j^^ defines an elliptic curve with j{XK) = j{EK) 
and good ordinary reduction. Since Ek is ordinary, its automorphism group is {±1} 
and hence Xk and Ek differ by a quadratic twist. As in the proof of Proposition 
113.11 we conclude that Ek is isomorphic to 

y^ + xy^x^ + f-2rf-i/2^2 _^ ■-! 
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where / is a power series with nonzero constant term. We have d > because 
otherwise this curve would have good reduction. For Ej^ we obtain the reduction 
type, i^(A) and S analogous to Proposition ll3.3l The specialization behavior of the 
2-torsion point is given by Corollarv ll4.2l For Ek the Tate Algorithm shows that 
we have reduction of type /j* and j^(A) = 12d+ 12. Since S{Ex) — 5{E)^'), we use 
Ogg's formula to determine the precise reduction type. □ 

We leave the remaining case to the reader, which is also a generalization of 
Proposition ll3.4l and Proposition 113.51 

Proposition 15.2. Let p — 2 and let Ek be an elliptic curve with additive and 
potentially multiplicative reduction. We denote by J^(A) the valuation of a minimal 
discriminant and by S the wild part of the conductor. Then there is an integer d > 
and 



Ek 

j'(A) 6 type 


Ek 

i/(A) S type 


12d+12-Ki) id + 2 /8V4-.(,) 


12d+12-2Kj) M + 2 /8V4-2.(,) 



and the rational 2-division point on Ej^ has nonzero specialization into 
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